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1 Maxmin mechanism design

1.1 A general result

As a further application of our results on Ff,ϵ-refined BCE in linear games, we will con-

sider a variation on the informationally robust mechanism design model of Brooks and Du

(2024b), but where we now posit that the players have limited information about the state.

Following Section 5.2, we consider the special case in which the base information struc-

ture is uninformative. Suppose a mechanism designer wants to maximize the mechanism’s

performance guarantee over the information structures subject to an upper bound on the

agents’ information. The designer controls an outcome ω P Ω. Suppose the agents’ and

designer’s utilities, ũipω, θq and w̃pω, θq, are linear in the state θ P Θ for each fixed ω, where

Θ is a compact and convex subset of a normed vector space.

A mechanism is a tuple M � pA,mq where A �
±

i�1,...,N Ai and m : A Ñ ∆pΩq. A

mechanism M induces a game where uipa, θ;Mq �
°

ωPΩ mpω | aqũipω, θq and wpa, θ;Mq �°
ωPΩ mpω | aqw̃pω, θq. A mechanism M is participation secure if for every player i there

exists an action 0 P Ai such that uip0, a�i, θ;Mq ¥ 0 for all a�i P A�i and θ P Θ. Recall

our definitions of W pϕ;Mq and BCEpµ;Mq where we identify the game with its underlying

mechanism M .

Following Brooks and Du (2024b), we consider action spaces parameterized by an integer

k, where the kth action space has k2 � 1 actions that are labeled Ai � t0, 1{k, 2{k, . . . , ku.
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Let M0
k be the set of participation-secure mechanisms on A where 0 is a participation

secure action for every player.

For a given µ P ∆pΘq and ϵ ¥ 0, the performance guarantee of a mechanism M over

Ff,ϵ-refined BCE is

min
ϕPFf,ϵpAqXBCEpµ;Mq

W pϕ;Mq. (1)

Thus, the guarantee-maximizing mechanism in M0
k solves

max
M�pA,mqPM0

k

min
ϕPFf,ϵpAqXBCEpµ;Mq

W pϕ;Mq. (2)

In general, the set Pµ in Theorem 6 will not be convex, since for each prior in Pµ the

support can be arbitrary but with at most |A| elements. Nonetheless, it is without loss

to convexify Pµ, as shown in the following proposition (whose proof is in the Section 1.3).

Given a set X in a linear space, we denote its convex hull by convX. Let C � convpsuppµq,

where suppµ � Θ is the support of µ and is assumed to be finite, and let convPµ be the

closure of convPµ in ∆pCq endowed the topology of weak convergence. Since C is compact,

so are ∆pCq and convPµ. Clearly convPµ is convex as well.

Proposition 1. The value of problem (10) in Theorem 6 is equal to

min
µ1PconvPµ

min
ϕPBCEpµ1q

W pϕq. (3)

By Theorem 6 and Proposition 1, problem (2) is equivalent to:

max
MPM0

k

min
µ1PconvPµ

min
ϕPBCEpµ1;Mq

W pϕ;Mq. (4)

It is natural to ask how this program is related to

min
µ1PconvPµ

max
MPM0

k

min
ϕPBCEpµ1;Mq

W pϕ;Mq. (5)

If these two programs have the same value, then we would know that the solution to (4)

reduces to the solution of the analogous maxmin problem with a different prior and no

information constraints. This would be especially useful in cases where the solution to the

maxmin problem with a fixed prior is known for all priors, such as in the common-value

auction model studied in Brooks and Du (2021).
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It is immediate that (4) is less than or equal to (5). However, it does not follow from the

standard minimax theorem that (4) is equal to (5): for a fixed µ1, minϕPBCEpµ1;MqW pϕ;Mq

is generally neither a concave nor convex function of M .

On the other hand one can bound the gap between (4) and (5) by applying the bounding

programs from Brooks and Du (2024b). In particular, Theorem 1 of Brooks and Du (2024b)

shows that (4) is at least

max
M�pA,mqPM0

k

min
µ1PconvPµ

¸
θPΘ

µ1pθqmin
a

¸
ωPΩ

�
w̃pω, θqmpω|aq �

¸
i�1,...,N

ũipω, θq∇�
i mpω|aq

�
, (6)

where

∇�
i fpaq �

$&%pk � 1qpfpai � 1{k, a�iq � fpaqq if ai   k;

0 if ai � k.

The inner function in (6) is clearly linear in µ1 for a fixed m and concave in m for a

fixed µ1. Thus, by Sion’s minimax theorem, (6) is equal to

min
µ1PconvPµ

max
pA,mqPM0

k

¸
θPΘ

µ1pθqmin
aPA

¸
ωPΩ

�
w̃pω, θqmpω|aq �

¸
i�1,...,N

ũipω, θq∇�
i mpω|aq

�
. (7)

Moreover, (5) is clearly less than or equal to

min
µ1PconvPµ

min
I�pS,σq:σΘ�µ1

max
MPM0

k

max
ϕPEIpMq

W pϕ;Mq,

where we again identify M with the induced game structure. Brooks and Du (2024b) refer

to the inner double maximand as the potential of an information structure I. By Theorem

1 of Brooks and Du (2024b), the minimum potential across all I with prior µ is at most

min
µ1PconvPµ

min
ϕP∆pA�Θq:ϕΘ�µ1

¸
aPA

max
ωPΩ

¸
θPΘ

�
w̃pω, θqϕpa, θq �

¸
i�1,...,N

ũipω, θq∇̃�
i ϕpa, θq

�
, (8)

where

∇̃�
i fpaq �

$'''&'''%
�fpk, a�iq if ai � k;

fpk, a�iq � kfpk � 1{k, a�iq if ai � k � 1{k;

kpfpai � 1{k, a�iq � fpaqq otherwise.
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Thus, we conclude that the value of (7) is less than that of (4), which is less than that of

(5), which is in turn less than (8). This proves the following result:

Theorem 1. Let pµ1,mq be a Nash equilibrium of the zero-sum game in (7). Then the

guarantee of mechanism M over Ff,ϵ-refined BCE, given by (1), is at least the value of (7).

Moreover, the guarantee of any mechanism is at most the value of problem (8).

Thus, if the values of (7) and (8) are equal, then mechanisms maximizing (7) must

approximately maximize the guarantee. In fact, Brooks and Du (2024a) have shown that

the difference between the inner max in (7) and the inner min in (8) must tend to 0 as

k Ñ 8 for each µ1.

1.2 Application: Common value auction design

We simulated solutions of the programs (7) and (8) for the common value auction model

studied in Brooks and Du (2021). In particular, Θ is a finite subset of R. The outcome

ω � pq, tq P RN
� � RN is a collection of allocations and transfers, where

°
i�1,...,N qi � 1.1

Player i’s utility is

ũipq, t, θq � θqi � ti.

The designer’s objective is revenue maximization:

w̃pq, t, θq �
¸

i�1,...,N

ti.

Thus, the program (7) is a lower bound on the maximum guarantee for revenue across

all mechanisms that always sell the good, and the program (8) is an upper bound on the

minimum potential for revenue across all information structures, again assuming that the

good must be sold.

We first solved programs (7) and (8) under the total variation information constraints

when k � 15, meaning that each player has 226 actions, and µ is the uniform distribution

on Θ � t0, 0.2, 0.4, 0.6, 0.8, 1u (as in Section 4).

The results of the simulations are depicted in Figures 2–4. Figure 2 depicts the informa-

tion structures that minimize the upper bound on the potential (8). On the left-hand side

is the joint distribution of the players’ signals, and on the right-hand side is the players’

expectation of the value conditional on the signal profile. There are two notable features:

First, the likelihood of a signal profile only depends on the sum of the signals. While this is

1This corresponds to the “must-sell” case studied in Brooks and Du (2021).
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again not self-evident from the figure, it is also easily verified that the distribution of signals

is independent, and these two properties together imply that the signals are iid exponential

random variables. Second, the interim expected value is a non-decreasing function of the

sum of the players’ signals.

This is the same structure as identified in Brooks and Du (2021) for the potential

minimizing information structure with a fixed prior, which coincides with the information

in Figure 2 when ϵ � 2.2 In particular, the signals are iid exponential and the interim value

is a non-decreasing function of the sum of the signals. The only difference is in the particular

interim value function. Without any constraints on the players’ information, the sum of the

signals fully “reveals” the value, meaning that the distribution of the interim value is equal

to the distribution of the ex post value. However, with an upper bound on information,

the sum of the signals is only a noisy signal about the value. The particular noisy interim

value distributions, which are mean-preserving contractions of the true prior, are depicted

in the left panel of Figure 3. Consistent with Theorems 6 and 1, and according to the

limit analysis of Brooks and Du (2021), this “noisy” interim value function would be the

potential minimizing value function, without any constraints on the players’ information,

if we treated the interim value as the ex post value, and replaced the true prior with the

corresponding contracted prior in Figure 3.

We obtain analogous results for the mechanisms that maximize the lower bound on

the guarantee, depicted in Figure 4. In fact, for each value of ϵ, the computed allocations

look nearly identical, and are close to the proportional allocation qipaq � ai{Σa, where

Σa � a1� . . .� aN . Consistent with the results of Brooks and Du (2021), there seem to be

many optimal transfer rules. In our simulations, we selected a particular transfer rule by

imposing an additional constraint, that the aggregate transfer
°

i�1,...,N tipaq only depends

on the sum of the actions Σa. Adding this constraint did not change the optimal value,

and it resulted in transfer rules of the form tipaq � T pΣaqai{Σa, where T depends on the

contracted prior and is plotted in the right panel of Figure 3. When ϵ � 2, the aggregate

transfer coincides with that in Brooks and Du (2021). When ϵ � 0, the aggregate transfer is

close to 0.5 for any positive aggregate action; the aggregate transfer is not exactly 0.5 since

we use a discrete approximation of k � 15; we can see in Figure 1 that due to the discrete

approximation, the revenue guarantee is close to but strictly less than 0.5 when ϵ � 0,

even though in this case the designer knows that all agents have no information about

2As with our discussion of the first-price auction, the analysis of Brooks and Du (2021) is primarily in a
limit continuum model, although Section 5 of that paper shows that the potential minimizing information
structures can be approached with finite information structures that have the same qualitative features as
in the simulations depicted in Figure 2. A similar comment applies to the mechanisms depicted in Figure
4.
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the common value. In sum, the mechanisms from the simulations have the form of the

proportional auctions described in Brooks and Du (2021) and calibrated to the contracted

priors of Figure 3.

The optimal values of programs (7) and (8) are plotted in Figure 1, along with that of

the first-price auctions from Section 4. We see that the upper and lower bounds are close,

and the lower bound is significantly larger than the revenue guarantee from the first-price

auction when ϵ ¡ 0. Thus, the proportional auctions in Figure 4 significantly outperform

first-price auction in terms of the revenue guarantee.

0.0 0.5 1.0 1.5 2.0
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0.20
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0.30

0.35
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0.45

0.50 Potential upper bound
Guarantee lower bound
FPA guarantee

Figure 1: Revenue guarantees and potentials from maxmin common value auctions and
first-price auctions under total variation information constraints.

Finally, we depict the corresponding pictures under the Kullback-Leibler information

constraints in Figure 5, with the same piecewise linear approximation as in Section 4. We

see that the interim value distributions, aggregate transfers, and revenues are qualitatively

similar to those under total variation information constraints, though just as with the first-

price auction, the interim value distributions tend to be smoother with Kullback-Leibler

information constraints than with total variation distance.

The take-away from this application is that it is possible to combine the insights of

this paper with the informationally robust mechanism design approach of Brooks and Du

(2024b), in order to obtain new insights about informationally robust mechanisms when

the players have bounded information about the state. This approach is especially powerful

when the agents’ preferences over the mechanism’s outcome are linear in the state.
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Figure 2: Information structures from program (8) under total variation information con-
straints; top row is the marginal distribution of the signal profiles, and bottom row is the
interim value as a function of the signal profile.
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Figure 3: The interim value distributions and aggregate transfers from maxmin common
value auctions under total variation information constraints.
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Figure 4: Maxmin common value auctions under total variation information constraints.

1.3 Proof of Proposition 1

To prove Proposition 1, we first note that when we pool together the conditional distribu-

tions of the state across the action profiles, the correlation between the state and action

profile is reduced, and hence the f -information is also reduced:

Lemma 1. For a ϕ P ∆pA � Θq, suppose β � ϕA places positive probability on a1 and

a2 P A. Let ϕ1 P ∆pA�Θq be such that ϕ1A � β and

ϕ1pθ | aq �

$&%ϕpθ | aq a R ta1, a2u;

ϕpθ | a1q βpa1q
βpa1q�βpa2q

� ϕpθ | a2q βpa2q
βpa1q�βpa2q

a P ta1, a2u.

Then we have Df pϕ
1 ∥ β b µq ¤ Df pϕ ∥ β b µq.

Proof. This follows from the data processing inequality (Polyanski and Wu, 2023, Theorem

7.4) using the kernel:

bpa1, θ1 | a, θq �

$'''&'''%
1 a � a1 R ta1, a2u and θ � θ1

βpa1q
βpa1q�βpa2q

a1, a P ta1, a2u and θ � θ1

0 else
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Figure 5: The interim value distributions, aggregate transfers, and revenues from maxmin
common value auctions under Kullback-Leibler information constraints.
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Proof of Proposition 1. Suppose µ1 � αµ̃ � p1 � αqpµ, where µ̃, pµ P Pµ and α P r0, 1s (for

notational simplicity, we assume a convex combination of only two elements in Pµ). By the

definition of Pµ, there exist ϕ̃, pϕ P ∆pA�Θq such that νpϕ̃q � µ̃, νppϕq � pµ, Df pϕ̃ ∥ β̃bµq ¤ ϵ

and Df ppϕ ∥ pβ b µq ¤ ϵ, where β̃ and pβ are the marginal distributions of ϕ̃ and pϕ over A,

respectively. By Lemma 1, we can assume without loss that ϕ̃pa, θq � β̃paqρ̃pθ | η̃paqq andpϕpa, θq � pβpaqpρpθ | pηpaqq, where η̃paq and pηpaq are the interim state given a, and ρ̃ and pρ
are the unbiased noises conditional on the interim state.

Note that

Df pϕ̃ ∥ β̃ b µq �
¸

aPA,θPΘ

f

�
ϕ̃pa, θq

β̃paqµpθq

�
β̃paqµpθq

�
¸

aPA,θPΘ

f

�
ρ̃pθ | η̃paqq

µpθq



β̃paqµpθq,

�
¸

θPΘ,θ1PΘ

f

�
ρ̃pθ | θ1q

µpθq



µ̃pθ1qµpθq,

and analogously

Df ppϕ ∥ pβ b µq �
¸

θPΘ,θ1PΘ

f

�pρpθ | θ1q
µpθq


 pµpθ1qµpθq,
Therefore, by convexity of f , we have

ϵ ¥ αDf pϕ̃ ∥ β̃ b µq � p1� αqDf ppϕ ∥ pβ b µq

�
¸
θPΘ

¸
θ1PΘ

f

�
ρ̃pθ | θ1q

µpθq



αµ̃pθ1qµpθq �

¸
θPΘ

¸
θ1PΘ

f

�pρpθ | θ1q
µpθq



p1� αqpµpθ1qµpθq

¥
¸
θPΘ

¸
θ1PΘ

f

�
ρ1pθ | θ1q

µpθq



µ1pθ1qµpθq,

(9)

where

ρ1pθ | θ1q � ρ̃pθ | θ1q
αµ̃pθ1q

µ1pθ1q
� pρpθ | θ1qp1� αqpµpθ1q

µ1pθ1q
.

Now, suppose ϕ1 P BCEpµ1q, and let µ2 � νpϕ1q. Effectively we need to show that

µ2 P Pµ. Without loss suppose there exists noise ρ2 such that ϕ1pa, θ1q � β1paqρ2pθ1 | η1paqq

for all a P A and θ1 P Θ. Add noise ρ1 to ϕ1 to arrive at an outcome ϕ P BCEpµq:

ϕpa, θq �
°

θ1PΘ ϕ1pa, θ1qρ1pθ | θ1q. Note that the marginal distributions of ϕ and ϕ1 over A
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are the same: β � β1. We compute

Df pϕ ∥ β b µq �
¸
θPΘ

¸
θ2PΘ

f

�°
θ1PΘ ρ2pθ1 | θ2qρ1pθ | θ1q

µpθq



µ2pθ2qµpθq

¤
¸
θPΘ

¸
θ2PΘ

¸
θ1PΘ

f

�
ρ1pθ | θ1q

µpθq



ρ2pθ1 | θ2qµ2pθ2qµpθq

�
¸
θPΘ

¸
θ1PΘ

f

�
ρ1pθ | θ1q

µpθq



µ1pθ1qµpθq

¤ ϵ,

where the last inequality follows from (9). Thus, we have µ2 P Pµ, and W pϕ1q � W pϕq is

greater than or equal to the optimal value of problem (10).

Thus, for an arbitrary element µ1 in the convex hull of Pµ, the inner minimization over

ϕ P BCEpµ1q in (3) is greater than or equal to the optimal value of problem (10). Since

the inner minimization over ϕ P BCEpµ1q in (3) is a continuous function of µ1 by Berge’s

Maximum Theorem, we conclude that the optimal value of problem (3) is greater than or

equal to that of problem (10).

Moreover, since Pµ � convPµ, the optimal value of problem (3) is obviously less than

or equal to that of problem (10). This proves the proposition.

2 Relations on information structures

In this Appendix, we discuss the connection between our results and the literature on

comparisons of information structures. Suppose the base information structure I � pS, σq

is uninformative. The notions of individual garbling and coordinated individual garbling

have been previously introduced in the literature, notably in Gossner (2000) and Lehrer,

Rosenberg, and Shmaya (2013). We discuss each of these in turn.

Gossner (2000) asks the question: Given information structures I and I 1, when is it the

case that EIpGq � EI 1pGq for all G? His main result shows that this is the case if and

only if, in our terminology, I is a coordinated individual garbling of I 1.3 Thus, coordinated

individual garblings represent a natural preorder on information structures.

Gossner’s setup is different from ours in that he allows for compact and continuous

games. As a result, his result does not imply ours, nor do our results imply his. We now

state an analogue of Gossner’s theorem for our finite setting:

3Gossner would say that I is “faithfully reproduced” from I 1.
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Proposition 2. I is a coordinated individual garbling of I 1 if and only if EIpGq � EI 1pGq

for all G.

Proof of Proposition 2. For the if direction, let G be the separation game and ϕ the equi-

librium outcome, as in Lemma 1. By hypothesis, ϕ P EI 1pGq, so by Lemma 1, I is a

coordinated individual garbling of I 1.

We now prove the only if direction. Suppose I � pS, σq is a coordinated individual

garbling of I 1 � pS 1, σ1q, where b1 P BpS, S 1q is the individual garbling that satisfies (2). Let

G � pA, uq and ϕ P EIpGq, and b the strategies that induce ϕ. We claim that the strategies

pbipai|s1iq � ¸
siPSi

bipai|siqb
1
ipsi|s

1
iq

are an equilibrium of pI 1, Gq that induces ϕ. To see that pb is an equilibrium, first note that

pb�ipa�i|s
1
�iq �

¹
j�i

¸
sjPSj

bjpaj|sjqb
1
jpsj|s

1
jq

�
¸

s�iPS�i

b�ipa�i|s�iqb
1
�ips�i|s

1
�iq,

where analogously b�ipa�i|s�iq �
±

j�i bjpaj|sjq, and so on. Now, by equation (2), for every

si and s1i P S 1
i such that b1ipsi|s

1
iq ¡ 0, there exists an α ¡ 0 such that for all ps�i, θq,

ασpsi, s�i, θq � b1ipsi|s
1
iq
¸
s1
�i

�¹
j�i

b1jpsj|s
1
jq

�
σ1ps1i, s

1
�i, θq.

Hence, for any i, s1i, and a1i,¸
a�i

¸
s1
�iPS

1

�i,θPΘ

pb�ipa�i|s
1
�iqσ

1ps1i, s
1
�i, θquipa

1
i, a�i, θq

�
¸
a�i

¸
s1
�iPS

1

�i,θPΘ

¸
s�iPS�i

b�ipa�i|s�iqb
1ps�i|s�iqσ

1ps1i, s
1
�i, θquipa

1
i, a�i, θq

� α
¸
a�i

¸
s�iPS�i,θPΘ

b�ipa�i|s�iqσpsi, s�i, θquipa
1
i, a�i, θq,

which is proportional to the interim expected utility of type si playing a1i when others are

using b�i, in the information structure I. Thus, if ai is a best response for some si with

b1psi|s
1
iq ¡ 0, then it is a best response for s1i as well. Since

pbip�|s1iq is supported on such ai’s,

and it follows that pbi is a best response to pb�i. Finally, because b
1 is an individual garbling,
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we have that ¸
s1PS1

pbpa|s1qσ1ps1, θq �¸
sPS

bpa|sq
¸
s1PS1

b1ps|s1qσ1ps1, θq

�
¸
sPS

bpa|sqσps, θq � ϕpa, θq,

so that pb and I 1 induce ϕ. We conclude that ϕ P EI 1pGq, as desired.

The proof of the only if is morally the same as Gossner’s: From the fact that I is a

coordinated individual garbling of I, we know that the players can “simulate” I from I 1 in

such a way that each player’s garbled signal is sufficient for other players’ garbled signals

and the state. Thus, any equilibrium of I has an equivalent equilibrium of I 1, where the

players first simulate I and then play the given strategies on I.

The if direction of the proof of Proposition 2, however, is substantively different. Goss-

ner also constructs a game that plays an analogous role as our separation game. However,

in his game, players report signals as well as beliefs about others’ signals (and the state,

in his extension to incomplete information). The payoff for the belief is given by a log

scoring rule, with the payoff defined to be �8 if a player assigns zero probability to the

signals that are reported by the others. Because Gossner’s game is not compact, an extra

step is needed to approximate the obedient outcome of his separation game via compact

games. He establishes that an approximate analogue of the coordinated individual garbling

property holds, and he finally takes limits to conclude that it holds exactly. In comparison,

the construction and analysis of our separation game is elementary. The game is finite, and

no scoring rules, infinite payoffs, or approximations are needed.

In a slightly different but related direction, Lehrer, Rosenberg, and Shmaya (2013)

study equivalence relations on information structures that arise from having the same

set of equilibrium outcomes for all games, according to various equilibrium concepts, and

including Bayes Nash equilibrium. Their main result for Bayes Nash equilibrium is that

two information structures have the same equilibrium outcomes for all games if and only

if they are individual garblings of one another. While it is not a primary objective of

our paper, our investigation has led us to the observation that the equivalence relations of

Lehrer, Rosenberg, and Shmaya (2013) are also equivalent to several other notions, which

we now state.

We say that I 1 � pS 1, σ1q is a reduction of I � pS, σq if there are mappings fi : Si Ñ S 1
i

for each i such that (i) if fipsiq � fippsiq, then there exists an α P R such that for all

13



ps�i, θq P S�i �Θ, we have

σpsi, s�i, θq � ασppsi, s�i, θq,

and (ii) for any ps1, θq P S 1 �Θ, we have that

σ1ps1, θq �
¸

sPf�1ps1q

σps, θq.

In other words, I 1 is obtained from I by merging types that have the same interim beliefs.

We say that I is irreducible if for every i, no two types have the same interim beliefs. We

say that I is reduction equivalent to I 1 if there is an information structure I2 that is a

reduction of both I and I 1.

Proposition 3. Given information structures I and I 1, the following statements are equiv-

alent:

(a) I and I 1 are individual garblings of each other.

(b) I and I 1 are coordinated individual garblings of each other.

(c) EIpGq � EI 1pGq for all G (equilibrium outcome equivalence).

(d) FIpAq � FI 1pAq for all A (outcome equivalence).

(e) I and I 1 are reduction equivalent.

Proof of Proposition 3. For the sake of completeness, we give a self-contained proof of the

proposition, including those parts known from prior work.

(b) ùñ (a): Clearly, if I and I 1 are coordinated individual garblings of each other, then

they are also individual garblings of each other.

(a) ùñ (d): Suppose I � pS, σq is an individual garbling of I 1 � pS 1, σ1q, with garbling

b1 P BpS 1, Sq, and let ϕ P FIpAq, induced by strategies b1 P BpS,Aq. Define the strategiespb P BpS 1, Aq by

pbipai|s1iq � ¸
siPSi

bipai|siqb
1
ipsi|s

1
iq.

Then the outcome ϕ1 induced by pb and I 1 is

ϕ1pa, θq �
¸
s1PS1

pbpa|s1qσ1ps1, θq
14



�
¸
s1PS1

¹
i�1,...,N

¸
siPSi

bipai|siqb
1
ipsi|s

1
iqσ

1ps1, θq

�
¸
s1PS1

¸
sPS

bpa|sqb1ps|sqσ1ps1, θq

�
¸
sPS

bpa|sq
¸
s1PS1

b1ps|s1qσ1ps1, θq

�
¸
sPS

bpa|sqσps, θq

� ϕpa, θq

so that ϕ P FI 1pAq. Since ϕ was arbitrary, we have FIpAq � FI 1pAq. Reversing the roles of

I and I 1 gives FI 1pAq � FIpAq, so that I and I 1 are outcome equivalent, as desired.

(b) ùñ (c): This follows immediately from Proposition 2.

(c) ùñ (b): Let G be the separation game and ϕ the equilibrium outcome ϕ P EIpGq

given in Lemma 1. By (c), ϕ P EI 1pGq, so by Lemma 1, I is a coordinated individual garbling

of I 1. Repeating this argument with I and I 1 reversed implies that I 1 is an individual

garbling of I as well.

(c) ùñ (d): Fix an action space A and let G � pA, uq where uipaq � 0 for all i and

a P A. From equilibrium outcome equivalence, we have that EIpGq � EI 1pGq. But because

players are indifferent between all actions, EIpGq � FIpAq and EI 1pGq � FI 1pAq. We

conclude that FIpAq � FI 1pAq, i.e., I and I 1 are outcome equivalent.

(d) ùñ (e): Suppose that I and I 1 are outcome equivalent. Since I and I 1 are reduction

equivalent to their respective reductions, it is without loss to assume that I and I 1 are

irreducible. Now, clearly we have that σ P FIpSq and σ1 P FI 1pS
1q. Outcome equivalence

therefore implies that σ P FI 1pSq and σ1 P FIpS
1q. Let b and b1 be strategies such that pI, bq

induce σ1 and pI 1, b1q induce σ. Define the Markov kernels Ki : Si Ñ ∆pSiq according to

Kippsi|siq � ¸
s1iPS

1

i

b1ippsi|s1iqbips1i|siq.
Also define the product kernel Kpps|sq � ±i�1,...,N Kippsi|siq. It follows from the fact that

pI, bq induce σ1 and pI 1, b1q induce σ that σ is an invariant measure for K, in the sense that

for all pps, θq, we have

σpps, θq �¸
sPS

Kpps|sqσps, θq.

15



Now, let di such that the kernel Kdi
i is aperiodic, and let d �

±
i�1,...,N di (so that Kd

i

and Kd are all aperiodic). Let Pi be the partition of Si into communicating classes of

Ki and let P be the partition of S into communicating classes of K. It is easy to see

that P �
±

i�1,...,N Pi. Note that because Kd
i is aperiodic, there is a unique invariant

measure of Kd
i restricted to pi P Pi, which we denote by πpi

i . Similarly, if Kd is restricted

to p �
±

i�1,...,N pi P P , there is a unique invariant measure πp, and since
±

i�1,...,N πpi
i is

also an invariant of Kd on p, we must have πp �
±

i�1,...,N πpi
i . Hence, if we write

σpp, θq �
¸
sPp

σps, θq,

then for s P p P P , we have

σps, θq � σpp, θqπppsq.

Now, fix i, s P p P P , and θ P Θ. Then

σips�i, θ|siq �
σpsi, s�i, θq°

s1
�iPS�i,θ1PΘ

σpsi, s1�i, θ
1q

�
πppsi, s�iqσpp, θq°

p1
�iPP�i,θ1PΘ

σppi, p1�i, θ
1q
°

s1
�iPp

1

�i
πpi,p1�ipsi, s1�iq

�
πpi
i psiqπ

p�i

�i ps�iqσpp, θq°
p1
�iPP�i,θ1PΘ

σppi, p1�i, θ
1q
°

s1
�iPp

1

�i
πpi
i psiqπ

p1
�i

�i ps
1
�iq

�
πpi
i psiqπ

p�i

�i ps�iqσpp, θq

πpi
i psiq

°
p1
�iPP�i,θ1PΘ

σppi, p1�i, θ
1q

�
π
p�i

�i ps�iqσpp, θq°
p1
�iPP�i,θ1PΘ

σppi, p1�i, θ
1q
.

This expression depends on pi but not on the particular si P pi. Hence, it must be that if

si, s
1
i P pi, then σip�, �|siq � σip�, �|s

1
iq. From the hypothesis that I is irreducible, we conclude

that |pi| � 1, and thus Kdps|sq � 1. This is possible only if b1 is a pure strategy such that

b1ps|s1q � 1 for any s1 such that bps1|sq ¡ 0. By a similar analysis, we conclude that b1 is

also pure. Hence, the function fipsiq defined according to bipfipsiq|siq � 1 is a bijection

from Si to S 1
i. This function satisfies (i) and (ii) in the definition of reduction, so that I 1 is

a reduction of I, and vice versa.

(e) ùñ (c): We will show this for the special case in which S 1 � S, and fips
2
i q � s2i for

all s2i R tsi, s
1
iu and fjpsjq � sj for all sj P Sj. In other words, exactly two signals are merged
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for player i, and no signals are merged for players j � i. Without loss, we assume that si

and s1i arise with positive probability. Let σipsiq denote the marginal probability of si, and

let σips�i, θ|siq denote the conditional distribution of ps�i, θq given si, and defined similarly

for σ1. From the definition of reduction equivalence, we have that σ1jp�, �|fjpsjqq � σjp�, �|sjq

and σ1jps
1
jq �

°
sjPf

�1
j ps1jq

σjpsjq for all j and sj P Sj.

Now, let b and b1 be strategies in pI,Gq and pI 1, Gq respectively, such that (i) b1jpsjq �

bjpsjq for all j � i and sj, (ii) b
1
ips

2
i q � bips

2
i q for all s

2
i R tsi, s

1
iu, and (iii)

b1ipsiq �
1

σipsiq � σips1iq
pσipsiqbipsiq � σips

1
iqbips

1
iqq . (10)

where si � fipsiq � fips
1
iq. Then pI

1, b1q induce the outcome¸
s1PS

σ1ps1, θqb1pa|s1q

�
¸

s�iPS�i

�� ¸
s2i Rtsi,s

1

iu

σ1ps2i , s�i, θqb
1pa|s2i , s�iq � σ1ippsiqσ1ps�i, θ|psiqb1pa|psi, s�iq

��
�

¸
s�iPS�i

�� ¸
s2i Rtsi,s

1

iu

σps2i , s�i, θqbpa|s
2
i , s�iq � σ1ippsiqb1ipai|psiqσ1ps�i, θ|psiq¹

j�i

b1�ipa�i|s�iq

��
�

¸
s�iPS�i

�� ¸
s2i Rtsi,s

1

iu

σps2i , s�i, θqbpa|s
2
i , s�iq �

�� ¸
s2i Ptsi,s

1

iu

σips
2
i qb

1
ipai|s

2
i q

�
σps�i, θ|s
2
i q
¹
j�i

b�ipa�i|s�iq

��
�

¸
s�iPS�i

�� ¸
s2i Rtsi,s

1

iu

σps2i , s�i, θqbpa|s
2
i , s�iq �

�� ¸
s2i Ptsi,s

1

iu

σips
2
i qbipai|s

2
i q

�
σps�i, θ|s
2
i q
¹
j�i

b�ipa�i|s�iq

��
�
¸
sPS

σps, θqbpa|sq � ϕpa, θq.

Hence Uipb
1; I 1, Gq � Uipb; I,Gq.

Now, we claim that if b and b1 satisfy (i)–(iii) above, then b is an equilibrium if and

only if b1 is an equilibrium. We have already established that Ujpb; I,Gq � Ujpb
1; I 1, Gq for

all j. If b1 is not an equilibrium, then there exists j and pb1j such that Ujppb1j, b1�j; I
1, Gq ¡

Ujpb
1; I 1, Gq. Now define pbjpsjq � pb1jpfjpsjqq. Then ppb1j, b1�jq and ppbj, b�jq satisfy (i)–(iii),

so that Ujppbj, b�j; I,Gq � Ujppb1j, b1�j; I
1, Gq, so that pbj is a profitable deviation from pI, bq.

Alternatively, if pbj is a profitable deviation from pI, bq, then we can define pb1j according to

(10), so that (i)–(iii) are again satisfied for ppb1j, b1�jq and p
pbj, b�jq, and we similarly conclude
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that pb1j is a profitable deviation from pI 1, b1q. This completes the proof that I and I 1 are

equilibrium outcome equivalent when I 1 is a reduction of I obtained by merging two signals.

Iterative application of this step (and relabeling of signals) then establishes that I is

equilibrium outcome equivalent to I 1 if I 1 is a reduction of I. Now, if I and I 1 are reduction

equivalent, then there exists an information structure I2 that is a reduction of I and I 1.

We therefore have EIpGq � EI2pGq � EI 1pGq.

We conclude that pbq ðñ pcq ùñ pdq ùñ peq ùñ pcq. So that pbq–peq are all

equivalent. Finally, paq ùñ pdq and pbq ùñ paq, so that pbq–peq are all equivalent to paq

as well.

The proof of Proposition 3 shows that if I 1 is a reduction of I and I2 is a reduction

of I 1, then I2 is in fact a reduction of I. This implies that any for information structure

I, there is a unique I 1 (up to a relabeling of signals) that is an irreducible reduction of I.

Moreover, I 1 can be obtained “at one step”, by merging signals in I that have the same

interim belief. In this sense, there is a simple finite procedure for determining if I and

I 1 are equivalent, that eliminates the existential and universal quantifiers over individual

garblings and games, respectively.
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