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1 Introduction

In the standard model of Bayesian games of Harsanyi (1967), an agent’s private information

is encoded in their type, which determines a belief about a payoff-relevant state of the world

and about the types of the other agents. Each type thereby induces an entire hierarchy of

beliefs: a belief about the state, a belief about the other agents’ beliefs about the state,

and so on. Mertens and Zamir (1985) famously constructed a universal type space in which

types are identified with their belief hierarchies, and which contains all hierarchies that can

arise from any type space.

Hierarchies of individual beliefs do not, however, exhaust the information that is con-

tained in a type space. For one thing, the type space may include pure correlation devices

that matter for equilibrium outcomes but do not affect beliefs. But more importantly,

individual belief hierarchies do not record important information about what players may

jointly know about the state.

Consider the following example, which is adapted from Ely and Peski (2006): There are

two players, and the state θ is uniformly distributed on t0, 1u. Player 1’s type t1 is uniformly

distributed on t0, 1u, independently of θ, and player 2’s type is t2 “ t1‘θ, where ‘ denotes

addition modulo 2. Then t2 is also uniformly distributed on t0, 1u and independent of θ,

and θ “ t1 ‘ t2. Now consider the hierarchies of beliefs induced by the types. Since each

player’s type is independent of the state, each player’s first-order belief about the state

is uniform, whatever their type. In consequence, each player is certain, whatever their

type, that the other player’s first-order belief is uniform, so second-order beliefs are also

independent of the type; and proceeding by induction, beliefs of every order are the same

for every type. The players’ belief hierarchies are therefore exactly as in the type space in

which it is common knowledge that the state is uniformly distributed and neither player

has any further information. And yet the example is very far from the no-information type

space: since θ “ t1 ‘ t2, the two players together know the state exactly.

What the hierarchies of individual beliefs miss, and what distinguishes the example from

the no-information type space, is the knowledge that is distributed across groups of players:

the pair t1, 2u, pooling its members’ types, knows the state, while in the no-information

type space it knows nothing.

This paper develops a framework in which the beliefs of groups are treated on the same

footing as the beliefs of individuals. In particular, a common prior type space defines not

just belief hierarchies of the players, but also a belief hierarchy for every group of players,

which is the hierarchy obtained by conditioning on the types of the group’s members. An
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important feature of the group’s beliefs is that a group knows the types of its members.

Thus, every group is certain about the knowledge of its subgroups.

In the type space formulation, the beliefs of a group is pinned down by the profile of

types of its members. But in the belief hierarchy formulation, the group’s belief is in effect a

separate type, specific to that group, which is not transparently derived from its members’

hierarchy; in particular, the group may know more than it would learn from its members’

belief hierarchies, as in the example above. Thus, we are led to consider a new object, which

we call a group type space: Each group of players has its own set of types, and each group

is certain about the types of its subgroups. We emulate Mertens and Zamir (1985) and

Brandenburger and Dekel (1993) in constructing a universal group type space containing

all possible hierarchies of beliefs for each group for which there is common knowledge that

beliefs about subgroups are certain.

Importantly, while we regard group type spaces as a convenient analytical tool, we do

not advocate using them in place of the more familiar Harsanyi type space. Indeed, we

show that any group beliefs that can be induced by some finite common prior group type

space can also be induced by a finite common prior type space, where each group’s belief

is defined in the natural way as the join of its members’ information. The important point

is that the type space encodes information about group beliefs that we may wish to use in

our solution concepts.

It is in that spirit that we apply the group belief perspective to study behavior in

games. Even with group beliefs, the hierarchies do not encode pure correlation devices. As

a result, the Nash equilibrium outcomes depend not just on group belief hierarchies, but on

the entire type space. Our guiding principle is to look for a solution concept for which the

equilibrium outcomes depend only on group beliefs but hews as close to Nash equilibrium

as possible. Such a solution concept must allow certain forms of correlation in behavior to

arise implicitly within the solution.

Our main result is that these desiderata are achieved by a group belief invariant Bayes

correlated equilibria. This solution concept was originally proposed by Brooks, Du, and

Haberman (2026), hereafter BDH, as a refinement of Bayes correlated equilibria (BCE)

(Bergemann and Morris, 2013, 2016). Group belief invariant BCE are joint distributions

over the players’ actions, types, and the state, such that each group’s members’ actions are

uninformative about the state and others’ types, conditional on the group members’ types.

In the special case of two players, group belief invariant BCE is equivalent to the belief

invariant Bayesian solution (Forges, 1993, 2006).

We adapt group belief invariance to group type spaces and we show the following:

First, the set of outcomes (distributions over actions and states) that can be induced by

3



group belief invariant BCE depends only on the group belief hierarchies. Thus, a type

space’s projection into the universal group type space completely determines the outcomes

consistent with group belief invariant BCE.

Second, we show that group belief invariant BCE is the minimal solution concept that

1) includes all Bayes Nash equilibrium outcomes and 2) only depends on group belief

hierarchies. We view these results as a compelling argument for group belief invariant BCE

as a solution concept.

The paper concludes with a simple example demonstrating the set of group belief in-

variant BCE and showing that it strictly refines both belief invariance and the Bayesian

solution of Forges (1993, 2006).

The remainder of this introduction reviews the literature. We build on a long tradition

studying correlated equilibrium in incomplete information games, including Forges (1993,

2006), Bergemann and Morris (2013, 2016), Liu (2015), and Bergemann, Morris, and Veiel

(2025). As far as we are aware, group belief invariance refines the solution concepts proposed

in these papers.

We also build heavily on both Mertens and Zamir (1985) and Brandenburger and Dekel

(1993) in our construction of the universal group type space, which is adapted from their

construction of the universal type space. The novelty is in the interpretation and the

imposition of common knowledge of certainty about subgroups.

Liu (2015) studies belief invariant BCE and shows that the solution concept only de-

pends on players’ belief hierarchies. We adapt many of the arguments in Liu (2015) in

showing that group belief invariant BCE are determined by group belief hierarchies. We

also adapt arguments from Bergemann and Morris (2016) in showing that group belief

invariant BCE is the minimal solution concept that is measurable with respect to group

beliefs and is refined by Bayes Nash equilibrium.

Ely and Peski (2006) are motivated by a similar concern that belief hierarchies discard

relevant information contained in the type space. See also Tang (2015). For two players,

Ely and Peski propose a distinct way of enriching the description of belief hierarchies in

terms of conditional beliefs; what players think they would know if they learned the other

player’s type. They show that conditional belief hierarchies are rich enough to determine

interim independent rationalizable actions. The main difference is that our purpose is use

belief hierarchies to pin down equilibrium, rather than rationalizable strategies, and our

approach is developed for an arbitrary number of players.

Brooks, Frankel, and Kamenica (2022) model distributed information as either Blackwell

experiments or signals. They suppose that some agents are known to be more informed

than others, either in the sense of the Blackwell order or refinement of signals. They
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study for which “more informed” partial orders are the two notions equivalent, in that

any Blackwell-ordered experiments can be induced by refinement-ordered signals. In an

application, they interpret their agents as groups, with the partial order being set contain-

ment. Our degeneracy condition on group beliefs is weaker than refinement (which would

imply a stronger agreement property that we discuss below). We also study group beliefs

as belief hierarchies rather than experiments or signals. Finally, we use group type spaces

to characterize group belief invariant BCE.

The most closely related work is BDH. That paper introduces a family of solution

concepts that they term F -refined BCE, where F is a correspondence that maps each space

of actions to a set of joint distributions over action profiles and states that are feasible for the

players to generate. They show that F -refined BCE is the set of Bayes Nash equilibrium

outcomes for some set of type spaces if and only if the correspondence F is individual

garbling complete.1 BDH argue that F -refined BCE are a flexible modeling tool for imposing

upper bounds on how much information the players have, as a complement to the lower

bounds on information introduced in Bergemann and Morris (2016). Belief invariant BCE,

the Bayesian solution, and group belief invariant BCE are all special cases of F -refined BCE,

while Bayes Nash equilibrium is not. In our view, group belief invariant BCE are a useful

tool for approximating Nash outcomes, while retaining the convex structure and analytical

tractability of correlated equilibrium. In the present paper, that idea is formalized using

our minimality result. BDH also propose a family of f -divergence constraint BCE, that

smoothly interpolates between group belief invariant BCE and all BCE.

Section 2 of this paper introduces group type spaces, constructs the universal group type

space, and discusses their properties. Section 3 defines group belief invariant BCE, shows

that it only depends on group belief hierarchies, and proves that it is the minimal solution

concept with that property and that also contains all Bayes Nash equilibria. Section 4 is

an example. Section 5 is the conclusion of the paper.

2 Group type spaces

2.1 Type spaces and group type spaces

There is a finite set of players indexed by i “ 1, . . . , N . Preferences depend on a state

of the world θ P Θ. The state is distributed according to a prior µ P ∆pΘq. The set of

players, the set of states, and the prior are held fixed throughout our analysis. A group is

1BDH use the interchangable term “information structure” to refer to type spaces.
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a nonempty subset J Ď t1, . . . , Nu of the players, and J denotes the set of groups. Given

a group J and a profile x “ px1, . . . , xNq, we write xJ “ pxiqiPJ and x´J “ pxiqiRJ .

We fix topological conventions. Given a Polish space X, we write ∆pXq for the set of

Borel probability measures on X, endowed with the weak˚ topology, under which ∆pXq is

itself Polish. Finite sets carry the discrete topology, and finite and countable products of

Polish spaces carry the product topology, under which they are Polish. The state space Θ

is Polish, as are all type sets introduced below.

The players’ private information is described by a type space, which consists of the

following: for each player i, a Polish space Ti of types, with T “
śN

i“1 Ti; and for each

player i, a Borel measurable belief map βi : Ti Ñ ∆pΘ ˆ T´iq, where T´i “
ś

j‰i Tj. A

type space is denoted I “ pT, βq.

We will also consider type spaces in which the groups themselves are the holders of

types. A group type space consists of the following: for each group J P J , a Polish space

TJ of types, with T “
ś

JPJ TJ ; and for each group J , a Borel measurable belief map

βJ : TJ Ñ ∆pΘ ˆ TJ ztJuq, where TJ ztJu “
ś

J 1PJ ztJu TJ 1 , such that each group has certain

beliefs about the types of groups that are subsets of itself: for all J, J 1 P J with J 1 Ĺ J

and every tJ P TJ , the marginal of βJptJq on TJ 1 is a point mass, whose location we denote

fJ 1JptJq. A group type space is denoted I “ pT, βq. In particular, the type of a group

determines the types of each of its subgroups, including the singleton groups consisting of

its individual members. Each map fJ 1J : TJ Ñ TJ 1 is automatically Borel measurable: the

point masses form a closed subset of ∆pTJ 1q that is homeomorphic to TJ 1 , and fJ 1J is the

composition of tJ ÞÑ margTJ1 βJptJq, which is Borel, with that homeomorphism.

A common prior for the type space I “ pT, βq is a measure σ P ∆pT ˆ Θq such that

each player’s belief map is a disintegration of σ with respect to that player’s type: for every

i and every bounded Borel ϕ : T ˆΘ Ñ R,

ż

TˆΘ

ϕdσ “

ż

Ti

ż

ΘˆT´i

ϕ ppti, t´iq, θq βiptiqpdθ ˆ dt´iqσipdtiq, (1)

where σi denotes the marginal of σ on Ti; equivalently, βi is a version of the conditional

distribution under σ of pθ, t´iq given ti. A common prior σ is consistent with µ if the

marginal of σ on Θ is µ. A common prior type space is a pair pI, σq, where σ is a common

prior for I consistent with µ. Common priors for a group type space, and common prior

group type spaces pI, σq, are defined in the same way, with the groups J P J in place of

the players.

A type space I is finite if Ti is finite for every player i, and a group type space I is

finite if TJ is finite for every group J . In the finite case, all measurability requirements are
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automatic, and the degeneracy condition says that for all J 1 Ĺ J and tJ , βJptJq assigns

probability one to the single type fJ 1JptJq P TJ 1 . A finite common prior type space is a

common prior type space pI, σq such that I is finite and every type of every player has

positive probability under σ; a finite common prior group type space is defined analogously,

with the groups in place of the players. The positivity requirement is a normalization:

types with zero probability can be deleted without affecting any of the defining conditions,

and it ensures that the belief maps are determined by the prior, with βiptiq the conditional

distribution under σ of pθ, t´iq given ti, by Bayes’ rule. A finite common prior type space

is thus identified with a pair I “ pT, σq, and the definition coincides with the standard one,

as in Bergemann and Morris (2016); likewise, a finite common prior group type space is

identified with a pair I “ pT, σq, and we use this notation throughout.

Some of our results below hold only for finite type spaces and group type spaces, and in

our view, finite type sets are sufficiently rich to make our main conceptual points. However,

the universal group type space constructed below is infinite, so for it to be a group type

space (as we want it to be), we must allow type sets to be infinite infinite.

A common prior type space induces a common prior group type space in a natural way,

in which the type of a group is the vector of the types of its members and the beliefs of

a group are obtained by conditioning on the pooled types. Formally, fix a common prior

type space pI, σq, and recall that for a group J , tJ “ ptiqiPJ denotes the profile of the types

of the members of J , which is an element of TJ “
ś

iPJ Ti. Since T ˆΘ is Polish, for each

group J there is a Borel kernel κJ : TJ Ñ ∆pΘ ˆ T´Jq that is a version of the conditional

distribution under σ of pθ, t´Jq given tJ , and any two versions agree σJ -almost everywhere,

where σJ is the marginal of σ on TJ . For tJ P TJ , let

etJ : Θˆ T´J Ñ Θˆ
ź

J 1PJ ztJu

TJ 1

be the assembly map etJ pθ, t´Jq “ pθ, ptJ 1qJ 1PJ ztJuq, where tJ 1 “ ptiqiPJ 1 and the coordinate

ti is taken from tJ if i P J and from t´J otherwise. The induced common prior group type

space is IpI, σq “ ppT , pβ, pσq, where pTJ “
ś

iPJ Ti for every group J ,

pβJptJq “ κJptJq ˝ e
´1
tJ
,

and pσ is the distribution of pptJqJPJ , θq when pt, θq is distributed according to σ. The

induced space is well defined up to the choice of the versions κJ , that is, up to modification

of the belief maps pβJ on σJ -null sets; none of our results distinguish versions. If pI, σq is

finite, we adopt the convention that group types with zero probability are deleted, so that
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pTJ is the set of tJ with positive probability under σJ and pβJ is given by Bayes’ rule; in this

case we write I “ pT, σq and denote the induced space by IpIq.

Proposition 1. Let pI, σq be a common prior type space. Then IpI, σq is a common prior

group type space. If pI, σq is finite, then IpIq is a finite common prior group type space.

Proof. Each pTJ is a finite product of Polish spaces, hence Polish, and the marginal of pσ on

Θ is the marginal of σ on Θ, which is µ.

Measurability. The map e : ptJ , pθ, t´Jqq ÞÑ etJ pθ, t´Jq is a rearrangement of coordinates

and hence continuous, so the map ptJ , νq ÞÑ ν˝e´1
tJ

from TJˆ∆pΘˆT´Jq to ∆pΘˆTJ ztJuq is

continuous: for bounded continuous ϕ,
ş

ϕdpν ˝ e´1
tJ
q “

ş

ϕpeptJ , xqq νpdxq, which is jointly

continuous in ptJ , νq, since ϕ ˝ e is bounded and continuous. Hence pβJ , the composition of

the Borel map tJ ÞÑ ptJ , κJptJqq with this continuous map, is Borel.

Degeneracy. Fix J 1 Ĺ J and tJ . Every member of J 1 is a member of J , so the TJ 1-

coordinate of etJ pθ, t´Jq is the coordinate projection of tJ onto TJ 1 , a constant function of

pθ, t´Jq. Hence the marginal of pβJptJq on TJ 1 is the point mass at that projection, and fJ 1J

is the coordinate projection.

Common prior. Fix a group J and a bounded Borel ϕ : pT ˆ Θ Ñ R. Let G : T Ñ pT

denote the map Gptq “ ptJ 1qJ 1PJ , so that pσ is the distribution of pGptq, θq under σ, and note

that, for every t “ ptJ , t´Jq and θ, the pair pGptq, θq is assembled from tJ and etJ pθ, t´Jq:

the coordinate of Gptq indexed by J is tJ , and the remaining coordinates, together with θ,

are etJ pθ, t´Jq. Disintegrating σ with respect to tJ via κJ and changing variables by etJ ,

ż

ϕ pGptq, θq dσ “

ż

TJ

ż

ΘˆT´J

ϕ pGptJ , t´Jq, θqκJptJqpdθ ˆ dt´JqσJpdtJq

“

ż

TJ

ż

ΘˆTJ ztJu

ϕ
`

ptJ , uJ ztJuq, θ
˘

pβJptJqpdθ ˆ duJ ztJuqσJpdtJq.

The left-hand side is
ş

ϕdpσ, and the marginal of pσ on pTJ is σJ , so pβJ satisfies the disinte-

gration property (1) for pσ with respect to the type of the group J . Hence pσ is a common

prior for ppT , pβq consistent with µ.

Finiteness. If pI, σq is finite, then each pTJ , before deletion, is a finite product of finite

sets; after deletion, every group type has positive probability, and, by Bayes’ rule, the

conditional distribution of pθ, tJ ztJuq given any such tJ is pinned down and equals pβJptJq,

so pσ remains a common prior. Degeneracy at the remaining types holds as above.

The induced space depends on pI, σq only through σ: the primitive belief maps βi enter

the construction only by constraining which measures are common priors. In particular,
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the singleton belief maps pβtiu agree with the maps obtained by pushing βi forward through

the assembly only σi-almost everywhere, not pointwise. Pooling is conditioning, and it is

the common prior that defines it; this is why the induced operation is defined on common

prior type spaces rather than on type spaces.

Under the common prior, the induced beliefs of groups also satisfy the agreement con-

dition: If group J assigns probability one to tJ 1 for J 1 Ĺ J , then so does any group J2 Ě J2.

We did not impose this condition in our definition of a group type space, and in principle,

we have allowed the disagreement by supergroups about their mutual subgroups. We think

it would be perfectly reasonable to impose common knowledge agreement in the definition

of a group type space, and carry it through the construction of the universal group space in

the next section. Indeed, this would be implied by refinement of signals, with or without a

common prior, that is discussed in (Brooks, Frankel, and Kamenica, 2022). We have opted

not to impose common knowledge of agreement in order to keep our construction as simple

and as close to Mertens and Zamir (1985) and Brandenburger and Dekel (1993) as possible.

That decision is also harmless because our ultimate interest is in equilibrium outcomes on

common prior type spaces, for which agreement is automatically satisfied. Indeed, the only

reason we have allowed non-common prior beliefs at all is so that the universal group type

space, in which types are identified with (possibly non-common prior) interim beliefs, is a

member of the class of group type spaces.

2.2 The Universal Group Type Space

In this subsection, we construct a canonical group type space, in which the type of a group

is identified with an entire hierarchy of beliefs about the state and about the beliefs of the

other groups. The construction follows Brandenburger and Dekel (1993), except that the

role of the players is played by the groups (see also Mertens and Zamir 1985).

The spaces of the construction are indexed explicitly by the groups, so as to keep track

of which coordinate carries which group’s beliefs. For each group J , define, by simultaneous

induction across groups, the sequence of spaces

XJ
0 “ Θ;

XJ
n`1 “ XJ

n ˆ
ź

J 1PJ ztJu

∆
´

XJ 1

n

¯

, n ě 0.

A point of XJ
n describes the state of the world together with the first n orders of beliefs of

the groups other than J . (Since every group has M ´ 1 others, where M “ |J | “ 2N ´ 1,

the spaces XJ
n are canonically homeomorphic across the groups J ; the labels record which
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coordinate belongs to which group, which matters for the constructions below.) A hierarchy

of group J is a sequence t “ pδ1, δ2, . . .q, where δn`1 P ∆pXJ
n q for all n ě 0, and we write

HJ
0 “

ś8

n“0 ∆pXJ
n q for the set of hierarchies of group J . In a hierarchy of group J , the

first coordinate δ1 P ∆pΘq is the group’s belief about the state, the second coordinate

δ2 P ∆pXJ
1 q is the group’s joint belief about the state and the other groups’ beliefs about

the state, and so on.

A hierarchy t “ pδ1, δ2, . . .q of group J is coherent if for every n ě 1,

margXJ
n´1

δn`1 “ δn,

that is, the different orders of belief agree on lower-order events. Let HJ
1 Ď HJ

0 denote

the set of coherent hierarchies of group J . The first step of the construction shows that a

coherent hierarchy induces a well-defined joint belief over the state and the hierarchies of

the other groups:

Proposition 2. For every group J , there is a homeomorphism

fJ : HJ
1 Ñ ∆

¨

˝Θˆ
ź

J 1PJ ztJu

HJ 1

0

˛

‚

such that for every t “ pδ1, δ2, . . .q P H
J
1 and every n ě 1, margXJ

n´1
fJptq “ δn.

The proof is that of Proposition 1 of Brandenburger and Dekel (1993), applied to the

player set J and the basic space of uncertainty Θ, and is omitted. The substance of the

result is the Kolmogorov extension theorem: coherency says exactly that the orders of belief

are the finite-dimensional marginals of a unique measure on Θˆ
ś

J 1PJ ztJuH
J 1

0 .

Coherency of a group’s own hierarchy imposes no restriction on the group’s beliefs

about the coherency of the other groups’ hierarchies. Following Brandenburger and Dekel

(1993), we impose common knowledge of coherency: for k ě 1, define inductively, and

simultaneously across groups,

HJ
k`1 “

$

&

%

t P HJ
k : fJptq

¨

˝Θˆ
ź

J 1PJ ztJu

HJ 1

k

˛

‚“ 1

,

.

-

,

and let T u,J “
Ş8

k“1H
J
k , the set of hierarchies of group J for which it is common knowledge

that all hierarchies are coherent.
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Proposition 3. For every group J , the restriction of fJ to T u,J is a homeomorphism onto

∆
´

Θˆ
ś

J 1PJ ztJu T
u,J 1

¯

.

The proof is that of Proposition 2 of Brandenburger and Dekel (1993) and is omitted.

We denote the restriction by gJ “ fJ |Tu,J . Proposition 3 says that a hierarchy tJ P T
u,J of

group J is identified with a joint belief gJptJq over the state and the hierarchies ptJ 1qJ 1PJ ztJu

of the other groups. The spaces T u,J , for J P J , are the universal type spaces for the player

set J .

So far, the construction has treated the groups as unrelated players: nothing yet reflects

the requirement of Section 2.1 that each group has certain beliefs about the types of groups

that are subsets of itself. We now impose this requirement, and its common knowledge,

within the spaces T u,J .

For each type t P T u,J of a group J and each group J 1 P J ztJu, let gJJ 1ptq P ∆pT u,J
1

q

denote the marginal of gJptq on the coordinate indexed by J 1, which is the belief of the

group J about the type of the group J 1. We say that this belief is certain if it assigns

probability one to a single type. For each group J , define

D1
J “

 

t P T u,J : gJJ 1ptq is certain for every group J 1 Ĺ J
(

.

Thus, D1
J is the set of types of group J that know the types, and hence the beliefs, of the

groups that are strict subsets of J .

Membership in D1
J imposes no restriction on group J ’s beliefs about whether the other

groups know the types of their own subgroups. Analogously to the treatment of coherency,

we impose common knowledge of the degeneracy condition: for k ě 1, define inductively

Dk`1
J “

$

&

%

t P Dk
J : gJptq

¨

˝Θˆ
ź

J 1PJ ztJu

Dk
J 1

˛

‚“ 1

,

.

-

,

so that a type in Dk`1
J is certain that the other groups’ types lie in their respective sets

Dk
J 1 . For each group J , the sets Dk

J are decreasing in k, and we denote the limit by

D8J “
Ş8

k“1D
k
J . Each D1

J is closed, since the degenerate measures form a closed subset of

∆pT u,J
1

q and the mappings gJ and gJJ 1 are continuous; proceeding by induction, each Dk
J

is closed, and hence so is D8J . Moreover, since probability measures are continuous from

above, every t P D8J satisfies gJptq
´

Θˆ
ś

J 1PJ ztJuD
8
J 1

¯

“ 1. Thus, at a profile of types in
ś

JPJ D
8
J , it is common knowledge that every group knows the beliefs of its subgroups.

Finally, we assemble the universal group type space. Each D8J is a closed subset of

the Polish space HJ
0 , and hence is Polish. Moreover, for every t P D8J , the measure gJptq
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assigns probability one to Θˆ
ś

J 1PJ ztJuD
8
J 1 , and the measures on a Polish space that assign

probability one to a closed subset are canonically identified, homeomorphically, with the

measures on that subset. We may therefore regard gJ , restricted to D8J , as a continuous

map

gJ : D8J Ñ ∆

¨

˝Θˆ
ź

J 1PJ ztJu

D8J 1

˛

‚.

The universal group type space is Iu “
`

pD8J qJPJ , pg
JqJPJ

˘

.

Proposition 4. Iu is a group type space.

Proof. The type sets are Polish and the belief maps are continuous, hence Borel. Degener-

acy holds pointwise: for every group J , every t P D8J Ď D1
J , and every J 1 Ĺ J , the marginal

gJJ 1ptq is a point mass, by the definition of D1
J .

A common prior for Iu, in the sense of Section 2.1, is thus a measure π P ∆
`

Θ ˆ
ś

JPJ D
8
J

˘

such that, for every group J , gJ is a version of the conditional distribution

under π of pθ, tJ ztJuq given tJ , where tJ ztJu “ ptJ 1qJ 1PJ ztJu, and π is consistent with µ if its

marginal on Θ is µ. Common priors consistent with µ exist: let tJ denote the hierarchy

of group J in which it is common knowledge that the state is distributed according to µ

and that no group has any further information; each group’s belief about the type of every

other group is certain, so tJ P D
8
J for every J , and the product of µ with the point mass

on the profile ptJqJPJ is a common prior for Iu consistent with µ.

2.3 Properties of the Universal Group Type Space

In this subsection, we relate arbitrary group type spaces to the universal group type space.

Fix a group type space I “ pT, βq as defined in Section 2.1; recall that βJptJq P ∆pΘˆTJ ztJuq

is the belief of the group J with type tJ about the state and the other groups’ types.

Following Mertens and Zamir (1985) and Brandenburger and Dekel (1993), we define

projections hJ : TJ Ñ T u,J that assign to each type of each group its induced hierarchy of

beliefs. The definition is by induction on the order of beliefs. For each group J , let ψ0
J :

ΘˆTJ ztJu Ñ XJ
0 be given by ψ0

Jpθ, tJ ztJuq “ θ. Given the mappings ψnJ : ΘˆTJ ztJu Ñ XJ
n

for all groups J , define, for each group J and each tJ P TJ ,

hn`1
J ptJq “ βJptJq ˝ pψ

n
J q
´1
P ∆pXJ

n q,

12



TJ ∆
`

Θˆ TJ ztJu
˘

T u,J ∆
´

Θˆ
ś

J 1PJ ztJu T
u,J 1

¯

βJ

hJ ν ÞÑ ν ˝
`

idΘ ˆ hJ ztJu
˘´1

gJ

Figure 1: The projection diagram. The top and right mappings form the beliefs of a
type and push them forward through the other groups’ projections; the left and bottom
mappings project the type and apply the homeomorphism gJ . Proposition 5 asserts that
the diagram commutes.

which is the distribution of ψnJ pθ, tJ ztJuq when pθ, tJ ztJuq is distributed according to βJptJq,

and then define ψn`1
J : Θˆ TJ ztJu Ñ XJ

n`1 “ XJ
n ˆ

ś

J 1PJ ztJu ∆pXJ 1

n q by

ψn`1
J pθ, tJ ztJuq “

´

ψnJ pθ, tJ ztJuq,
`

hn`1
J 1 ptJ 1q

˘

J 1PJ ztJu

¯

.

Thus, h1
JptJq is the belief of type tJ about the state, h2

JptJq is the joint belief of type tJ

about the state and the other groups’ beliefs about the state, and so on. The projection of

tJ is hJptJq “ ph
1
JptJq, h

2
JptJq, . . .q P H

J
0 , and we write hJ ztJuptJ ztJuq “ phJ 1ptJ 1qqJ 1PJ ztJu.

Remark 1. Each hnJ and ψnJ , and hence each hJ , is Borel measurable. This follows by

induction on n: if ψ : X Ñ Y is a Borel map between Polish spaces, then ν ÞÑ ν ˝ ψ´1

is a Borel map from ∆pXq to ∆pY q, so hn`1
J is a composition of Borel maps, and ψn`1

J is

assembled from the Borel maps ψnJ and hn`1
J 1 , J 1 P J ztJu.

The next result verifies that the projections take values in the universal type spaces and

that the projection diagram, depicted in Figure 1, commutes: forming beliefs about the

state and the others’ types and then projecting yields the same distribution over universal

types as first projecting and then applying the homeomorphism gJ .

Proposition 5. For every group J and every type tJ P TJ , we have hJptJq P T
u,J and

gJ phJptJqq “ βJptJq ˝
`

idΘ ˆ hJ ztJu
˘´1

, (2)

where idΘˆ hJ ztJu : ΘˆTJ ztJu Ñ Θˆ
ś

J 1PJ ztJuH
J 1

0 maps pθ, tJ ztJuq to pθ, hJ ztJuptJ ztJuqq.

13



Proof. Unrolling the recursion defining the spaces XJ
n , we have

XJ
n “ Θˆ

n´1
ź

m“0

ź

J 1PJ ztJu

∆
´

XJ 1

m

¯

,

and by construction, the composition of ψnJ with the projection of XJ
n onto XJ

n´1 (denoted

projXJ
n´1

) is ψn´1
J , for every n ě 1.

We first show that hJptJq is coherent. For every n ě 1,

margXJ
n´1

hn`1
J ptJq “ βJptJq ˝

´

projXJ
n´1
˝ ψnJ

¯´1

“ βJptJq ˝
`

ψn´1
J

˘´1
“ hnJptJq,

so hJptJq P H
J
1 for every group J and type tJ .

Next, let ν “ βJptJq ˝ pidΘ ˆ hJ ztJuq
´1, and for n ě 1, let qn : Θ ˆ

ś

J 1PJ ztJuH
J 1

0 Ñ

XJ
n denote the natural projection, which maps pθ, ptJ 1qJ 1q, where tJ 1 “ pδJ

1

1 , δ
J 1

2 , . . .q, to

pθ, pδJ
1

1 , . . . , δ
J 1

n qJ 1q. Comparing the recursion defining ψnJ with the definition of hJ ztJu, we

see that qn ˝ pidΘ ˆ hJ ztJuq “ ψnJ . Hence, for every n ě 1,

margXJ
n´1

ν “ βJptJq ˝
`

qn´1 ˝ pidΘ ˆ hJ ztJuq
˘´1

“ βJptJq ˝
`

ψn´1
J

˘´1
“ hnJptJq,

where q0 denotes the projection of Θ ˆ
ś

J 1PJ ztJuH
J 1

0 onto X0 “ Θ, so that q0 ˝ pidΘ ˆ

hJ ztJuq “ ψ0
J . By Proposition 2, margXJ

n´1
fJphJptJqq “ hnJptJq for every n ě 1 as well.

Since the finite-dimensional cylinder sets form a π-system that generates the Borel σ-

algebra of Θˆ
ś

J 1PJ ztJuH
J 1

0 , any two measures with the same marginals on XJ
n for every

n coincide, so ν “ fJphJptJqq.

Finally, we show by induction that hJptJq P H
J
k for every k. The case k “ 1 is coherency,

established above. If hJ 1pTJ 1q Ď HJ 1

k for every group J 1, then for every group J and

type tJ , the measure ν “ fJphJptJqq is the distribution of pθ, hJ ztJuptJ ztJuqq, which lies in

Θ ˆ
ś

J 1PJ ztJuH
J 1

k with probability one, so hJptJq P H
J
k`1. Hence hJptJq P T

u,J , and since

gJ is the restriction of fJ to T u,J , (2) holds.

Next, we verify that the projections take values in the sets D8J , that they preserve

beliefs, and that they transport common priors to common priors.

Proposition 6. Let I “ pT, βq be a group type space with projection h “ phJqJPJ .

(i) For every group J , hJpTJq Ď D8J , and h preserves beliefs: gJphJptJqq “ βJptJq ˝
`

idΘ ˆ hJ ztJu
˘´1

for every tJ P TJ .
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(ii) If σ is a common prior for I consistent with µ, then the distribution πI,σ of pθ, hptqq,

when pt, θq is distributed according to σ, is a common prior for Iu consistent with µ.

Proof. (i) The displayed identity is (2) of Proposition 5. For the inclusion, fix a group J ,

a type tJ , and a group J 1 Ĺ J . By (2), gJJ 1phJptJqq is the distribution of hJ 1ptJ 1q when

pθ, tJ ztJuq is distributed according to βJptJq. By the pointwise degeneracy condition, the

marginal of βJptJq on TJ 1 is the point mass at fJ 1JptJq, so gJJ 1phJptJqq assigns probability

one to hJ 1pfJ 1JptJqq. Hence hJpTJq Ď D1
J for every group J . Proceeding by induction, if

hJ 1pTJ 1q Ď Dk
J 1 for every group J 1, then by (2), gJphJptJqq

´

Θˆ
ś

J 1PJ ztJuD
k
J 1

¯

“ 1 for

every J and tJ , so hJpTJq Ď Dk`1
J . Hence hJpTJq Ď D8J .

(ii) The marginal of πI,σ on Θ is the marginal of σ on Θ, which is µ. Fix a group J and

bounded Borel functions ϕ on D8J and ψ on Θˆ
ś

J 1PJ ztJuD
8
J 1 . Since βJ is a version of the

conditional distribution under σ of pθ, tJ ztJuq given tJ , and hJptJq is a function of tJ ,

ż

ϕ phJptJqqψ
`

θ, hJ ztJuptJ ztJuq
˘

dσ

“

ż

ϕ phJptJqq

„
ż

ψ d
´

βJptJq ˝
`

idΘ ˆ hJ ztJu
˘´1

¯



dσ

“

ż

ϕ phJptJqq

„
ż

ψ dgJ phJptJqq



dσ

“

ż

ϕpuJq

„
ż

ψ dgJpuJq



dπI,σ,

where the second equality is part (i) and the third is the change of variables defining πI,σ.

Since product functions determine the joint distribution, gJ is a version of the conditional

distribution under πI,σ of pθ, uJ ztJuq given uJ .

In view of Proposition 6, we refer to h “ phJqJPJ as the projection of the group type

space I onto the universal group type space. For a common prior group type space pI, σq, we

call the distribution πI,σ of pθ, hptqq, when pt, θq is distributed according to σ, the projection

distribution of pI, σq; when the prior is clear from context, we write πI, and for a finite

common prior type space I, we write πIpIq for the projection distribution of the induced

group type space. By Proposition 6(ii), the projection distribution is a common prior for Iu

consistent with µ, and, if pI, σq is finite, it has finite support. The final result of this section

shows that, conversely, every common prior for Iu consistent with µ that has finite support

is the projection distribution of a finite common prior group type space, and indeed of one

that is induced by a finite common prior type space, as in Section 2.1.
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Proposition 7. Let π be a common prior for Iu consistent with µ that has finite support.

Then there is a finite common prior type space I such that πIpIq “ π. Consequently, the

projection distributions of the induced group type spaces of finite common prior type spaces

are exactly the common priors for Iu consistent with µ that have finite support.

Proof. Let V denote the support of the marginal of π on
ś

JPJ D
8
J , and for each group J ,

let VJ “ tuJ : u P V u; these sets are finite. Since π is a common prior with finite support,

for every uJ P VJ , the conditional distribution under π of pθ, uJ ztJuq given uJ is gJpuJq: any

two versions of a conditional distribution agree at every atom of the conditioning marginal.

For each group J with |J | ě 2, fix an injection ιJ of VJ into the additive group ZmJ
of the

integers modulo mJ “ |VJ |, and fix a member iJ P J .

The type space I is constructed as follows. First, pθ, uq is drawn according to π. Second,

for each group J with |J | ě 2, the value ιJpuJq is secretly shared among the members of

J : the shares `Ji P ZmJ
for i P JztiJu are drawn independently and uniformly, and

`JiJ “ ιJpuJq ´
ÿ

iPJztiJu

`Ji ,

so that
ř

iPJ `
J
i “ ιJpuJq. The shares are drawn independently across groups, and indepen-

dently of θ conditional on u. The type of player i is ti “ putiu, p`
J
i qJQi,|J |ě2q, an element of

the finite set Ti “ Vtiuˆ
ś

JQi,|J |ě2 ZmJ
, from which types with zero probability are deleted,

and σ is the resulting joint distribution of pt, θq. The marginal of σ on Θ is µ, since π

is consistent with µ, so I “ pT, σq is a finite common prior type space. Let IpIq be the

induced group type space, in which the type of a group K is tK “ ptiqiPK , and let h denote

its projection.

Step 1: for every group K, the pooled type tK determines uK, and, conditional on tK,

the distribution of pθ, uJ ztKuq is gKpuKq. For the first claim, for every group J Ď K with

|J | ě 2, the pool contains the entire family of shares p`Ji qiPJ , whose sum is ιJpuJq, and

for every i P K, the pool contains utiu directly; in particular, the pool determines uK ,

directly if K is a singleton, and via the sum of the shares p`Ki qiPK otherwise. For the second

claim, decompose the data in tK as follows. The hierarchies utiu for i P K and the sums
ř

iPJ `
J
i “ ιJpuJq for J Ď K are functions of uK , since the hierarchy of a group determines

the hierarchies of its subgroups. The remaining data are, for each J Ď K with |J | ě 2, the

shares p`Ji qiPJztiJu, and, for each J Ę K with JXK ‰ H, the proper subfamily p`Ji qiPJXK . We

claim that, conditional on u, the remaining data are independent and uniformly distributed,

with a distribution that does not depend on u. For J Ď K, the shares p`Ji qiPJztiJu are

independent and uniform by construction. For J Ę K, this is immediate if iJ R K; and if
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iJ P J XK, then, conditional on u and on the shares p`Ji qiPJXKztiJu, the share `JiJ is a sum

that includes the term ´
ř

iPJzK `
J
i , in which each summand is uniform and independent of

everything else, so `JiJ is itself uniform and independent of u and of the other shares in the

subfamily. Since the shares are independent across groups and independent of θ conditional

on u, the pooled type tK is informationally equivalent to puK , εKq, where εK is noise that

is independent of pθ, uq. Hence, conditional on tK , the distribution of pθ, uJ ztKuq is the

conditional distribution under π given uK , which is gKpuKq, since π is a common prior.

Step 2: for every group K, hKptKq “ uK with probability one. We show, by induction

on the order of beliefs and simultaneously across groups, that with probability one, hnKptKq

is the nth coordinate of uK for every group K and every n. For n “ 1: h1
KptKq is the

conditional distribution of θ given tK , which, by Step 1, is the marginal of gKpuKq on

Θ, and this is the first coordinate of uK , by the marginal property of f in Proposition 2.

Suppose the claim holds through order n for every group. As in the proof of Proposition

5, hn`1
K ptKq is the conditional distribution given tK of the state together with the first n

orders of the realized hierarchies phmK1ptK1qqmďn,K1PJ ztKu, which, by the inductive hypothesis,

is the conditional distribution given tK of the state together with the first n coordinates of

puK1qK1PJ ztKu. By Step 1, the latter is the image of gKpuKq under the natural projection

of Θˆ
ś

K1PJ ztKuH
K1

0 onto XK
n , which is margXK

n
gKpuKq, the pn` 1qth coordinate of uK ,

again by Proposition 2.

By Step 2, the distribution of pθ, hptqq under σ is the distribution of pθ, uq under π, that

is, πIpIq “ π. For the final claim, if I is a finite common prior type space, then IpIq is a

finite common prior group type space, by Proposition 1, so πIpIq is a common prior for Iu

consistent with µ, by Proposition 6(ii), and it has finite support.

We suspect that this result can be extended to infinite type spaces. A difficulty is in

extending the definition of “induce” when a type space is infinite; the beliefs in the group

type space would only be determined almost everywhere, so that more than one group

type space would be induced by a given type space. While we think that this would be

a valuable mathematical extension, it is not necessary to make the conceptual point that

type spaces are rich enough to reach all group belief hierarchies. Thus, while group type

spaces are a convenient analytical tool, they do not introduce any new kinds of distributed

information that were not already present in the model of Harsanyi (1967).
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3 Group beliefs and equilibrium

3.1 Games and Equilibrium

In this section, we introduce games, and we connect group type spaces to behavior.

An action space is a finite product set of the form A “
śN

i“1Ai. The players interact

through a game structure (also called a game form or a base game), which consists of an

action space A and, for each player i, an expected utility index ui : AˆΘ Ñ R. The game

structure is denoted by G “ pA, uq.

Given an action space A, an outcome is a distribution φ P ∆pA ˆ Θq for which the

marginal on Θ is µ.

Fix a game structure G “ pA, uq and a finite common prior group type space I “ pT, σq;
throughout this section, all group type spaces are finite common prior group type spaces,

identified with pairs pT, σq as in Section 2.1, and likewise all type spaces are finite common

prior type spaces. Actions are taken by the individual players: each player i observes

the type ttiu of the singleton group tiu and randomizes over actions accordingly. Thus, a

(behavioral) strategy for player i is a mapping bi : Ttiu Ñ ∆pAiq. A profile of strategies

b “ pb1, . . . , bNq is identified with the mapping b :
śN

i“1 Ttiu Ñ ∆pAq, where bpa | pttiuq
N
i“1q “

śN
i“1 bipai | ttiuq.

The group type space I and a profile of strategies b induce the outcome φ defined by

φpa, θq “
ÿ

tPT

σpt, θq
N
ź

i“1

bi
`

ai | ttiu
˘

.

Thus, in the induced outcome, the state and the profile of group types are drawn according

to σ, the players mix independently over actions, with player i’s mixture depending only

on the type of the singleton group tiu, and the types are integrated out. The marginal of

the induced outcome on Θ is µ, so induced outcomes are indeed outcomes.

Following Bergemann and Morris (2013, 2016), we define Bayes correlated equilibrium

relative to a group type space. A Bayes correlated equilibrium (BCE) of pI, Gq is a joint

distribution φ P ∆pAˆ T ˆΘq, over the players’ actions, the groups’ types, and the state,

whose marginal on T ˆ Θ is σ and which satisfies the following obedience constraints: for

all i, τ P Ttiu, ai, and a1i,

ÿ

a´iPA´i, θPΘ, tPT :ttiu“τ

φpai, a´i, t, θq puipai, a´i, θq ´ uipa
1
i, a´i, θqq ě 0. (3)

18



Thus, the state and the profile of group types are drawn according to σ, actions are recom-

mended according to φ, and no player, knowing their singleton type and their recommen-

dation, can gain by deviating.

Through the operation by which a type space induces a group type space, these defini-

tions apply implicitly to type spaces as well: given a finite common prior type space I, we

say that φ is a BCE of pI,Gq if it is a BCE of pIpIq, Gq, where IpIq is the induced group

type space of Section 2.1. Since the type of the singleton group tiu in IpIq is the type ti of

player i, this coincides with the definition of Bergemann and Morris (2016), with I in the

role of the base information structure.

3.2 Group Belief Invariance

A BCE φ of pI, Gq is group belief invariant (Brooks, Du, and Haberman, 2026) if the actions

of each group depend only on that group’s type: for every group J , conditional on tJ , aJ

and ptJ ztJu, θq are independent; that is, for every group J and all aJ and tJ ,

φ
`

taJu ˆ A´J | tJ , tJ ztJu, θ
˘

is constant over the ptJ ztJu, θq that have positive probability given tJ . Since tJ determines

tJ 1 for every group J 1 Ď J , conditioning on tJ is equivalent to conditioning on the types of

all of the subgroups of J . As with BCE, group belief invariance applies implicitly to type

spaces: a group belief invariant BCE of pI,Gq, for a finite common prior type space I, is a

group belief invariant BCE of pIpIq, Gq.
Group belief invariance combines familiar conditions from the taxonomy of correlated

equilibrium in games with incomplete information (Forges, 1993, 2006). The conditions for

the singleton groups are the belief invariance conditions: each player’s action carries no

information beyond the player’s own type. The condition for the grand group requires the

action profile to be conditionally independent of the state, given the profile of all of the

types, which is the condition that distinguishes the Bayesian solution of Forges (1993) from

Bayes correlated equilibrium. Thus, for a finite common prior type space I, every group

belief invariant BCE of pI,Gq is a belief invariant Bayesian solution, and, when N “ 2, the

two concepts coincide, since the only groups are the two singletons and the grand group.

When N ě 3, group belief invariance also constrains the intermediate groups, and the

refinement can be strict.

As the next proposition shows, for the group type spaces that are induced by type

spaces, group belief invariance is equivalent to an ostensibly weaker requirement, in which
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a group’s actions are only required to carry no information about the state and about the

types of the groups with which it shares no members.

Proposition 8. Let I be a finite common prior type space, let IpIq be the induced group type

space, and let φ be a BCE of pIpIq, Gq. For a group J , let DpJq “ tJ 1 P J : J 1 X J “ Hu

denote the set of groups that are disjoint from J , and write tDpJq “ ptJ 1qJ 1PDpJq. Then φ is

group belief invariant if and only if for every group J , conditional on tJ , aJ and ptDpJq, θq

are independent.

Proof. Necessity is immediate, since ptDpJq, θq is a function of ptJ ztJu, θq. For sufficiency, fix

a group J . If J “ t1, . . . , Nu is the grand group, then DpJq “ H, and tJ determines the

entire profile with probability one, so both conditions assert that, conditional on tJ , a and

θ are independent. Otherwise, the complement J c “ t1, . . . , NuzJ is a nonempty group

that is disjoint from J . In the induced group type space, the type of each group J2 is the

vector ptiqiPJ2 , which is determined by ptJ , tJcq “ pptiqiPJ , ptiqiRJq. Hence, conditional on tJ ,

the profile tJ ztJu is a function of tJc , and independence of aJ from ptDpJq, θq, which includes

ptJc , θq, implies independence of aJ from ptJ ztJu, θq.

The equivalence does not extend to general group type spaces, in which the type of a

supergroup of J may contain more than the pooled types of its members: a group’s actions

may then depend on such additional information without carrying any information about

the state or about the types of disjoint groups.

We write SGBII pGq for the set of marginals on AˆΘ of the group belief invariant BCE

of pI, Gq. Every element of SGBII pGq is an outcome, since the marginal on Θ of a BCE of

pI, Gq is µ.

An instructive special case is the null group type space, in which every group’s type set

is a singleton. In that case, a BCE of pI, Gq is identified with an outcome φ P ∆pAˆΘq that

satisfies the obedience constraints (3), which no longer involve any conditioning on types,

and group belief invariance says that aJ and θ are independent for every group J . When

J “ tiu is a singleton, this is the defining property of belief invariant BCE (Forges, 1993,

2006; Bergemann and Morris, 2016), and when J “ t1, . . . , Nu is the grand group, it is the

defining property of the Bayesian solution (Forges, 1993). Moreover, since independence is

preserved under marginalization, the grand group condition implies the condition for every

group, so on the null group type space, group belief invariant BCE and Bayesian solutions

coincide.
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3.3 The Sufficiency of Universal Group Beliefs

For the remainder of this section, we let h “ phJqJPJ denote the projection of I onto the

universal group type space and πI its projection distribution, as defined in Section 2.3; since

I is finite, πI has finite support.

The main result of this section is that the projection distribution is a sufficient statistic

for the predictions of group belief invariant BCE: two group type spaces that induce the

same distribution over profiles of group belief hierarchies generate the same joint distribu-

tions over actions and states.

Theorem 1. Let I “ pT, σq and I1 “ pT 1, σ1q be finite common prior group type spaces with

the same projection distribution. Then for every game structure G, SGBII pGq “ SGBII1 pGq.

Theorem 1 is the group analogue of the characterization of belief invariant BCE by

Liu (2015), with hierarchies of group beliefs in place of hierarchies of individual beliefs. In

particular, if two finite common prior type spaces I and I 1 induce group type spaces with

the same projection distribution, then SGBIIpIq pGq “ SGBIIpI 1q pGq.

Theorem 1 combines with the results of Section 2.3 in two further ways that are worth

recording in words. First, since the predictions of group belief invariant BCE depend on a

group type space only through its projection distribution, Proposition 7 implies that every

finite common prior group type space is equivalent, for the purposes of those predictions,

to a group type space that is induced by a finite common prior type space: informational

synergies, whereby a group’s type contains more than the pooled types of its members,

leave no trace in the hierarchies of group beliefs, and are therefore redundant for group

belief invariant predictions. Second, by Proposition 8, group belief invariance on induced

group type spaces is equivalent to the ostensibly weaker requirement that each group’s

actions carry no information about the state and about the types of the groups that are

disjoint from it; hence every common prior for Iu consistent with µ with finite support is

realized by a group type space on which the two requirements coincide.

Proof. Let π denote the common projection distribution, let U Ď
ś

JPJ D
8
J denote the

support of the marginal of π on
ś

JPJ D
8
J , which is a finite set, and for u P U , write uJ for

the coordinate of u indexed by J and UJ “ tuJ : u P Uu. Define SGBIπ pGq to be the set of

marginals on A ˆ Θ of the distributions ψ P ∆pA ˆ U ˆ Θq satisfying: (i) the marginal of

ψ on U ˆΘ is π; (ii) obedience: for all i, v P Utiu, ai, and a1i,

ÿ

a´iPA´i, θPΘ, uPU :utiu“v

ψpai, a´i, u, θq puipai, a´i, θq ´ uipa
1
i, a´i, θqq ě 0; (4)
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and (iii) invariance: for every group J and all aJ and uJ , ψptaJu ˆ A´J | uJ , uJ ztJu, θq is

constant over the puJ ztJu, θq that have positive probability given uJ . Thus, the conditions

defining SGBIπ pGq align with those defining SGBII pGq. We prove that SGBII pGq “ SGBIπ pGq;

since the right-hand side depends on I only through π, the same argument applied to I1

proves the theorem.

We use two facts from Section 2.3. First, for every group J and type tJ , the conditional

distribution under σ of pθ, tJ ztJuq given tJ is βJptJq, so, by Proposition 5, the conditional

distribution under σ of pθ, hJ ztJuptJ ztJuqq given tJ is gJphJptJqq; in particular, it depends

on tJ only through hJptJq. Second, by Proposition 6(ii), π is a common prior for Iu; since

π has finite support, the conditional distribution under π of pθ, uJ ztJuq given any uJ P UJ

is gJpuJq.

First, we show SGBII pGq Ď SGBIπ pGq. Let φ be a group belief invariant BCE of pI, Gq,
and let ψ be the distribution of pa, hptq, θq when pa, t, θq is distributed according to φ.

The marginal of ψ on U ˆ Θ is the distribution of phptq, θq under σ, which is π, and the

marginals of ψ and φ on A ˆ Θ coincide. For obedience, fix i, v, ai, and a1i. Since the

events tttiu “ τu for τ P h´1
tiupvq partition the event thtiupttiuq “ vu, the left-hand side of (4)

is the sum, over τ P h´1
tiupvq, of the left-hand sides of (3), each of which is nonnegative. For

invariance, fix a group J and a vJ P UJ with positive probability. Under ψ, the conditional

distribution of paJ , uJ ztJu, θq given uJ “ vJ is a mixture, over the types τJ P h
´1
J pvJq with

weights proportional to their probabilities, of the conditional distributions given tJ “ τJ .

Fix such a τJ . Since φ is group belief invariant, conditional on tJ “ τJ , aJ is independent of

ptJ ztJu, θq, and hence of puJ ztJu, θq “ phJ ztJuptJ ztJuq, θq; and by the first fact, the conditional

distribution of puJ ztJu, θq is gJpvJq. Thus, each component of the mixture is the product

of a distribution over aJ with the fixed distribution gJpvJq over puJ ztJu, θq, and hence so is

the mixture. So aJ and puJ ztJu, θq are independent given uJ “ vJ , and ψ satisfies (iii).

Next, we show SGBIπ pGq Ď SGBII pGq. Let ψ satisfy (i)–(iii), and define φ P ∆pAˆT ˆΘq

by

φpa, t, θq “ σpt, θqψ pa | hptq, θq ,

with the convention that φpa, t, θq “ 0 when σpt, θq “ 0; note that if σpt, θq ą 0, then

phptq, θq has positive probability under π, so the conditional is well defined. Summing over

a, the marginal of φ on T ˆΘ is σ. Grouping the type profiles t according to u “ hptq, the

marginal of φ on AˆΘ is

ÿ

tPT

σpt, θqψpa | hptq, θq “
ÿ

uPU

πpθ, uqψpa | u, θq,
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which is the marginal of ψ on A ˆ Θ. For invariance, observe that by (iii), whenever

pu, θq has positive probability, ψptaJu ˆ A´J | u, θq depends only on paJ , uJq; denote it by

rJpaJ | uJq. For pt, θq with positive probability,

φ ptaJu ˆ A´J | t, θq “ ψ ptaJu ˆ A´J | hptq, θq “ rJ paJ | hJptJqq ,

which is constant over ptJ ztJu, θq, so φ is group belief invariant. For obedience, fix i, τ P Ttiu,

ai, and a1i, and let v “ htiupτq and ∆ipa, θq “ uipai, a´i, θq ´ uipa
1
i, a´i, θq. Writing σpτq for

the probability of τ and using that hptq “ pv, hJ zttiuuptJ zttiuuqq on the event tttiu “ τu, the

left-hand side of (3) is

σpτq
ÿ

a´i, θ, uJ zttiuu

Pr
`

θ, uJ zttiuu | τ
˘

ψ
`

a | v, uJ zttiuu, θ
˘

∆ipa, θq,

where Prpθ, uJ zttiuu | τq denotes the conditional probability under σ that the state is θ and

hJ zttiuuptJ zttiuuq “ uJ zttiuu, given ttiu “ τ . By the first fact, this conditional probability

is gtiupvqpθ, uJ zttiuuq, and by the second fact, πpθ, pv, uJ zttiuuqq “ πtiupvqg
tiupvqpθ, uJ zttiuuq,

where πtiupvq ą 0 is the probability under π that the coordinate indexed by tiu is v.

Hence the left-hand side of (3) equals σpτq{πtiupvq times the left-hand side of (4), which is

nonnegative. Thus φ is a group belief invariant BCE of pI, Gq whose marginal on AˆΘ is

that of ψ, completing the proof.

3.4 Minimality of Group Belief Invariant BCE

In this subsection, we characterize group belief invariant BCE as the minimal solution

concept that is measurable with respect to group beliefs and consistent with Bayes Nash

equilibrium.

We first extend Bayes Nash equilibrium to group type spaces in the obvious way. Given

a profile of strategies b “ pb1, . . . , bNq, player i’s expected utility is

Uipb; I, Gq “
ÿ

tPT

ÿ

θPΘ

σpt, θq
ÿ

aPA

uipa, θq
N
ź

j“1

bj
`

aj | ttju
˘

.

The profile b is a Bayes Nash equilibrium (BNE) of pI, Gq if Uipb; I, Gq ě Uipb
1
i, b´i; I, Gq for

every player i and every strategy b1i.

A solution concept is a mapping S that assigns to every finite common prior group type

space I and every game structure G a subset SIpGq of ∆pA ˆ Θq, where A is the action

space of G. Two examples are SBNE, which assigns to pI, Gq the set SBNEI pGq of outcomes
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that are induced by I and some BNE of pI, Gq, and SGBI , which assigns to pI, Gq the set

SGBII pGq of Section 3.2. A solution concept S is group belief measurable if SIpGq “ SI1pGq

for every game structure G, whenever πI “ πI1 , and a solution concept S refines a solution

concept S 1 if SIpGq Ď S 1IpGq for every finite common prior group type space I and every

game structure G. By Theorem 1, SGBI is group belief measurable. By contrast, SBNE

is not: for example, appending to any group type space a payoff-irrelevant fair coin that

is observed by all of the players leaves the projection distribution unchanged, since every

group’s hierarchy is the same for either realization of the coin, but it enlarges the set of

BNE outcomes whenever the set of BNE outcomes is not convex.

Theorem 2. The solution concept SGBI is group belief measurable and is refined by SBNE.

Moreover, SGBI refines every group belief measurable solution concept that is refined by

SBNE. In fact, for every finite common prior group type space I and every game structure

G,

SGBII pGq “
ď

 

SBNEI1 pGq : πI1 “ πI
(

, (5)

where I1 ranges over the finite common prior group type spaces.

Thus, group belief invariant BCE is the minimal group belief measurable solution con-

cept that contains the Bayes Nash equilibrium predictions. Theorem 2 and the formula (5)

are the group analogues of the characterization of belief invariant BCE by Liu (2015) as

the Bayes Nash equilibrium predictions across all common prior type spaces that induce

the same hierarchies of individual beliefs.

Proof. Group belief invariance of SGBI is Theorem 1. Throughout the remainder of the

proof, fix a game structure G; all of the remaining claims are established pointwise in G.

Step 1: SBNE refines SGBI . Let b be a BNE of pI, Gq, and let

φpa, t, θq “ σpt, θq
N
ź

j“1

bj
`

aj | ttju
˘

,

whose marginal on AˆΘ is the outcome induced by I and b, and whose marginal on T ˆΘ

is σ. For obedience, fix i, τ P Ttiu, ai, and a1i. The left-hand side of (3) is bipai | τqD, where

D “
ÿ

tPT :ttiu“τ

ÿ

θPΘ

ÿ

a´iPA´i

σpt, θq
ź

j‰i

bj
`

aj | ttju
˘

puipai, a´i, θq ´ uipa
1
i, a´i, θqq .
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If bipai | τq ą 0 and D ă 0, then the strategy b1i that agrees with bi except that, at τ ,

it moves the probability bipai | τq from ai to a1i satisfies Uipb
1
i, b´i; I, Gq ´ Uipb; I, Gq “

´bipai | τqD ą 0, contradicting equilibrium; so the left-hand side of (3) is nonnegative. For

invariance, note that conditional on pt, θq, the actions are independent across players with

aj distributed according to bjp¨ | ttjuq, so the conditional distribution of aJ is
ś

iPJ bip¨ | ttiuq,

which is a function of tJ , since tJ determines ttiu for every i P J . Hence, conditional on tJ ,

aJ is independent of ptJ ztJu, θq, and φ is a group belief invariant BCE of pI, Gq.
Step 2: for every ρ P SGBII pGq, there is a group type space I1 with πI1 “ πI and ρ P

SBNEI1 pGq. Let φ be a group belief invariant BCE of pI, Gq with marginal ρ on A ˆ Θ.

Define I1 “ pT 1, σ1q by appending recommendations to types: T 1J “ TJ ˆAJ for every group

J , and σ1 is the distribution of ppptJ , aJqqJPJ , θq when pa, t, θq is distributed according to

φ, deleting types with zero probability. Then I1 is a finite common prior group type space:

every type has positive probability by construction, the marginal of σ1 on Θ is µ, and for

J 1 Ď J , the type ptJ , aJq determines ptJ 1 , aJ 1q with probability one, since tJ determines tJ 1

and aJ 1 is a subvector of aJ .

We claim that the projection h1 of I1 satisfies h1JptJ , aJq “ hJptJq with probability one,

for every group J . We show, by induction on the order of beliefs and simultaneously

across groups, that ph1qnJptJ , aJq “ hnJptJq with probability one, for every group J and

every n. Throughout, we use the following consequence of the group belief invariance of φ:

conditional on tJ , the pair aJ and ptJ ztJu, θq are independent, so conditioning on ptJ , aJq

and conditioning on tJ yield the same conditional distribution for any function of ptJ ztJu, θq.

For n “ 1: ph1q1JptJ , aJq is the conditional distribution of θ given ptJ , aJq, which equals the

conditional distribution of θ given tJ , which is h1
JptJq. Suppose the claim holds through

order n for every group. Then ph1qn`1
J ptJ , aJq is the conditional distribution given ptJ , aJq

of the state together with the first n orders of the hierarchies pph1qmJ 1ptJ 1 , aJ 1qqmďn, J 1PJ ztJu,

which, by the inductive hypothesis, is the conditional distribution given ptJ , aJq of the

state together with the first n coordinates of phJ 1ptJ 1qqJ 1PJ ztJu — a function of ptJ ztJu, θq —

and hence equals the corresponding conditional distribution given tJ , which is hn`1
J ptJq. It

follows that the distribution of pθ, h1pt1qq under σ1 equals the distribution of pθ, hptqq under

σ, that is, πI1 “ πI.

Finally, the obedient strategies b1ip¨ | pttiu, aiqq “ δai form a BNE of pI1, Gq: since every

type of I1 has positive probability, a profitable deviation would yield, at some positive-

probability type pttiu, aiq and some action a1i, a strict violation of the obedience constraint

(3) of φ at pttiu, ai, a
1
iq, since, under the obedient strategies of the other players, the condi-

tional distribution of pa´i, θq given player i’s type pttiu, aiq in I1 is the conditional distribution

25



under φ of pa´i, θq given pttiu, aiq. The outcome induced by I1 and the obedient strategies

is the marginal of φ on AˆΘ, which is ρ.

Step 3: minimality and (5). For the inclusion Ě in (5), if πI1 “ πI, then by Step 1 and

Theorem 1, SBNEI1 pGq Ď SGBII1 pGq “ SGBII pGq; the inclusion Ď is Step 2. In particular,

Step 1 says that SBNE refines SGBI . Finally, let S be any group belief measurable solution

concept that is refined by SBNE, and let ρ P SGBII pGq. By Step 2, there is an I1 with

πI1 “ πI and ρ P SBNEI1 pGq Ď SI1pGq “ SIpGq, where the last equality holds because S is

group belief measurable. Hence SGBII pGq Ď SIpGq, and SGBI refines S.

4 An Example

We illustrate the theory with an example, based on the type spaces of the introduction. The

example has two players, so, as noted in Section 3.2, the predictions of group belief invariant

BCE coincide with those of the belief invariant Bayesian solution, and the comparison below

can equally be read as a comparison of belief invariant Bayesian solutions across the two

type spaces. There are N “ 2 players, the states are Θ “ t0, 1u, and the prior µ is uniform.

Each player’s action set is Ai “ t0, 1u, and payoffs are common:

u1pa, θq “ u2pa, θq “

$

&

%

1 if a1 ‘ a2 “ θ;

0 otherwise,

where ‘ denotes addition modulo 2, as in the introduction. Thus, the players want to

match when the state is 0 and to mismatch when the state is 1. We denote this game

structure by G, we write W “ tpa, θq : a1 ‘ a2 “ θu for the event that the players succeed,

and we refer to ρpW q as the success probability of an outcome ρ. Note that if player i

switches their action, then success becomes failure and vice versa, so, at any information

set, the payoff from switching is one minus the payoff from the prescribed action.

We compare two finite common prior type spaces: the null type space I0, in which each

Ti is a singleton, and the XOR type space IX of the introduction, in which t1 is uniformly

distributed on t0, 1u and independent of θ, and t2 “ t1 ‘ θ. As shown in the introduction,

the two type spaces induce identical hierarchies of individual beliefs. Their induced group

type spaces differ: in IpIXq, the grand group knows the state, since θ “ t1 ‘ t2, while in

IpI0q, it knows nothing.

Proposition 9. In the game structure G:
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(i) SGBIIpI0qpGq is the set of outcomes in which the action profile is independent of the state,

that is, outcomes of the form µ b ν with ν P ∆pAq. Every such outcome has success

probability 1{2.

(ii) SGBIIpIXqpGq is the set of outcomes ρ such that a1 and θ are independent, a2 and θ

are independent, and, for each player i and each action ai with positive probability,

ρ pW | aiq ě 1{2. The success probabilities of these outcomes are exactly the interval

r1{2, 1s.

Proof. (i) In IpI0q, every group’s type set is a singleton, so, as discussed in Section 3.2, a

group belief invariant BCE is identified with an outcome ρ, and the invariance condition

for the grand group says that pa1, a2q and θ are independent, that is, ρ “ µ b ν for some

ν P ∆pAq. Conversely, every such ρ is group belief invariant, and it satisfies obedience:

conditional on a recommendation ai, the state is uniformly distributed and independent of

the recommended profile, so obeying and switching each succeed with probability 1{2. For

the same reason, the success probability of µb ν is 1{2.

(ii) First, let φ be a group belief invariant BCE of pIpIXq, Gq with marginal ρ on AˆΘ.

By invariance for the singleton group tiu, conditional on ti, ai and θ are independent; and ti

and θ are independent under σ, since t1 is independent of θ by construction and t2 “ t1‘ θ

is uniform conditional on θ. Hence ai and θ are independent under ρ. For the conditional

success probabilities, fix pti, aiq with positive probability. Since switching turns success into

failure, the obedience constraint at pti, aiq says exactly that φpW | ti, aiq ě 1´φpW | ti, aiq,

that is, φpW | ti, aiq ě 1{2; averaging over ti conditional on ai gives ρpW | aiq ě 1{2.

Conversely, let ρ satisfy the conditions in (ii), and define φ on IpIXq by

φpa, t, θq “ σpt, θqρpa | θq;

that is, the mediator observes θ “ t1 ‘ t2 and draws the action profile from the target

conditional ρp¨ | θq. The marginal of φ on T ˆ Θ is σ, and the marginal on A ˆ Θ is
ř

t σpt, θqρpa | θq “ µpθqρpa | θq “ ρpa, θq. For invariance: conditional on pt, θq, the

distribution of ai is ρpai | θq “ ρpaiq, by the independence of ai and θ under ρ; since this

conditional distribution is constant, the invariance condition holds for the singleton groups.

For the grand group, tJ “ pt1, t2q determines θ, so the invariance condition holds trivially.

For obedience, fix pti, aiq with positive probability. Conditional on ti, θ is uniform, and,

conditional on pti, θq, the recommendations are drawn from ρp¨ | θq; since ρpai | θq “ ρpaiq,

the state remains uniform conditional on pti, aiq, and φpW | ti, aiq “ ρpW | aiq ě 1{2, so

obedience holds.
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Finally, the set in (ii) is convex, since, with the marginal of ρ on Θ fixed at µ, its

defining conditions are linear in ρ. The outcome ρ˚pa, θq “ 1
4
1ta1 ‘ a2 “ θu belongs to the

set, with success probability 1, and any µ b ν belongs to the set, with success probability

1{2, so the success probabilities attained on the set are exactly r1{2, 1s.

The comparison is stark. The set in (i) is strictly contained in the set in (ii): every

outcome µ b ν satisfies the conditions in (ii), with conditional success probabilities equal

to 1{2, while the first-best outcome ρ˚, in which the players always succeed, belongs to

(ii) but not to (i). On the null type space, group belief invariant BCE pins the success

probability at 1{2; on the XOR type space, every success probability in r1{2, 1s arises, and

the first-best is attained by the Bayes Nash equilibrium in which each player plays their

own type, ai “ ti.

The example also isolates what group belief invariance adds to belief invariance. Since

the two type spaces induce identical hierarchies of individual beliefs, any solution concept

that is invariant with respect to individual hierarchies must assign them the same predic-

tions. Belief invariant BCE (Forges, 1993, 2006; Bergemann and Morris, 2016; Liu, 2015)

is such a concept, and its outcome sets for I0 and for IX both coincide with the set in (ii):

for I0, this is immediate, since belief invariance requires only that each player’s action be

independent of the state, and the obedience constraints are those in (ii); for IX , it follows

from the invariance theorem of Liu (2015), or by repeating the arguments in the proof

of Proposition 9(ii). Thus, belief invariant BCE cannot distinguish the two type spaces,

and, in particular, it permits the players’ actions to be perfectly coordinated with the state

even when nobody—and no group—has any information about it. Group belief invariance

agrees with belief invariance on IX , where the pair genuinely knows the state, and cor-

rects the predictions on I0, where the pair jointly knows nothing, by collapsing them to

the state-independent outcomes. This is the strategic counterpart of the observation with

which the paper began.

Finally, we extend the example to three players to substantiate the observation from

Section 3.2 that, when N ě 3, group belief invariant BCE can strictly refine the belief

invariant Bayesian solution. Let N “ 3, keep Θ “ t0, 1u and µ uniform, and let G3 be the

game structure in which Ai “ t0, 1u for every player and payoffs are common: uipa, θq “ 1

if a1 ‘ a2 ‘ a3 “ θ, and uipa, θq “ 0 otherwise, so that the players want the parity of

their actions to match the state. As before, switching any one player’s action turns success

into failure and vice versa. Let IX3 be the three-player XOR type space: t1 and t2 are

independently and uniformly distributed on t0, 1u, independently of θ, and t3 “ t1‘ t2‘ θ.

Every type profile has probability 1{8, and θ “ t1 ‘ t2 ‘ t3. The distinguishing feature of
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IX3 is that every pair of players jointly knows nothing about the state: for every group

J with |J | “ 2, the pooled types tJ “ ptiqiPJ are independent of θ, since the type of the

remaining player is an independent uniform pad; only the grand group knows the state.

For a finite common prior type space I, say that φ is a belief invariant Bayesian solution

of pI,Gq if φ satisfies the conditions that define a group belief invariant BCE of pIpIq, Gq
for the singleton groups and for the grand group, but not necessarily for the intermediate

groups; as discussed in Section 3.2, these are the obedience, belief invariance, and Bayesian

solution conditions of Forges (1993, 2006). By definition, every group belief invariant BCE

of pI,Gq is a belief invariant Bayesian solution of pI,Gq, and when N “ 2 the converse

holds as well. The next result shows that, with three players, the converse fails, even at

the level of outcomes.

Proposition 10. In the game structure G3 with the finite common prior type space IX3:

(i) For every group belief invariant BCE of pIX3, G3q and every group J ‰ t1, 2, 3u, the

induced outcome has aJ and θ independent.

(ii) There is a belief invariant Bayesian solution of pIX3, G3q whose marginal ρp on AˆΘ

satisfies a1‘ a2 “ θ with probability one. In particular, ρp is not the marginal of any

group belief invariant BCE of pIX3, G3q.

Proof. (i) Fix a group belief invariant BCE φ and a group J ‰ t1, 2, 3u. By the invariance

condition for J , conditional on tJ , aJ and θ are independent. Moreover, tJ and θ are

independent under σ: for singletons this is immediate, and for pairs it was noted above.

Hence, as in the proof of Proposition 9(ii), aJ and θ are independent under the marginal

of φ.

(ii) Let c be uniformly distributed on t0, 1u, independently of pt, θq, and consider the

recommendations a1 “ c, a2 “ c ‘ θ, and a3 “ 0; let φp denote the joint distribution of

pa, t, θq. Belief invariance holds: conditional on any realization of pt, θq, the distribution

of a1 is uniform, the distribution of a2 is uniform, and a3 is constant, so each player’s

action is independent of everything else conditional on the player’s own type. The Bayesian

solution condition for the grand group holds trivially, since the grand group’s type pt1, t2, t3q

determines θ. For obedience: since a1 ‘ a2 ‘ a3 “ c ‘ c ‘ θ ‘ 0 “ θ, the players succeed

with probability one, so, conditional on every information set pti, aiq, obeying succeeds

with probability one and switching fails with probability one. Thus φp is a belief invariant

Bayesian solution. Its marginal ρp satisfies a1‘ a2 “ θ with probability one, so at1,2u and θ

are not independent, and, by part (i), ρp is not the marginal of any group belief invariant

BCE.
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The refinement operates exactly where the intuition of the two-player example suggests.

The pair t1, 2u jointly knows nothing about the state, and group belief invariance forbids the

pair’s joint behavior from revealing it; the belief invariant Bayesian solution, which polices

only the individual players and the grand group, permits the pair’s actions to encode the

state perfectly, with the encoding hidden from each player individually by the shared coin.

The refinement does not come at the cost of efficiency: the first-best outcome, in which

the players always succeed, is attained in pIX3, G3q by the group belief invariant—indeed,

Bayes Nash—strategies ai “ ti.

5 Conclusion

In our view, when an analyst writes down a type space, they are intentionally making

assumptions about not just what individuals may know, but what groups of individuals

may know collectively. In particular, the analyst may wish to explicitly limit how much

groups of individuals may jointly know about the state. Unfortunately, if one tries to

represent distributed information with belief hierarchies in the universal type space, then

all limits on players’ joint information are lost. We have shown that one can recover

those limitations, in a canonical space of higher order beliefs, as long as one explicitly

models group beliefs. We have also characterized the minimal solution concept that can be

formulated as a function of group beliefs, without ruling out Bayes Nash equilibria. It is our

hope that these observations and results will encourage adoption of group belief invariant

BCE as a tool for the analysis of strategic behavior under incomplete information.
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